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Toward a unified description of isotopic fragment properties in spontaneous
and fusion-induced fission within a 4D dynamical Langevin model
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Spontaneous fission of 252Cf and fusion-induced fission of 250Cf are investigated within a multidi-
mensional Langevin model. The potential-energy surface is calculated in the macroscopic-microscopic
Lublin-Strasbourg drop (LSD) + Yukawa-folded approach using the four-dimensional (4D) Fourier-over-
spheroid shape parametrization. The dynamical evolution described by the Langevin equation is coupled to
neutron evaporation, thereby allowing for the possibility of multichance fission. Charge equilibration and
excitation-energy sharing between the fragments emerging at scission are evaluated, and their deexcitation
is finally computed. The correlation between various observables, particularly the isotopic properties of the
fragments, is discussed and compared with the experiment whenever available. The theoretical predictions are
generally in good agreement with the data.
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I. INTRODUCTION

The nuclear fission phenomenon, discovered in 1938, con-
tinues to be of primary interest in nuclear physics from both
the fundamental and applications points of view. In this con-
text, accurately reproducing the mass, charge, isotopic, and
total kinetic energy (TKE) yields of fission fragments and
the multiplicities of emitted neutrons is a stringent test of
any modern theoretical model. A representative selection of
contemporary models of various types developed by different
groups can be found in Refs. [1–17]. For an overall picture
of modern fission theories and perspectives, we refer to recent
reviews in Refs. [18–20].

The present investigation is a continuation of our previous
studies [21–25] in which fragment mass yields for fission
at low excitation energy were investigated in a wide range
of fissioning systems from pre-actinides to trans-actinides.
For some specific actinides, TKE yields were also studied
[24]. We recently substantially extended these investigations
in Refs. [17,26,27]. In particular, a model of charge equili-
bration of the fragments at scission was introduced, allowing
us to go beyond the widespread unchanged-charge-density
(UCD) assumption. In addition, the Langevin equation was
coupled to a Master-type equation for modeling the possible
emission of neutrons from the excited fissioning system prior
to scission and from the primary fragments after scission.
For the latter, a simple prescription for sharing the excitation
energy between the fragments at scission was implemented. In
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our most recent calculations [17], the nuclear shape descrip-
tion is based on the so-called Fourier-over-spheroid (FoS)
parametrization, which is an innovative variant of the original
Fourier shape parametrization presented in [28]. As discussed
in Ref. [26], the FoS parametrization is better adapted to
fission calculations on a large grid. It is to be emphasized
that the extensions [17,26,27] of our original model are
mandatory for any meaningful calculation of fragment (A, Z)
isotopic yields. This new approach offers the possibility to
study fission in detail, as illustrated in recent experimental
campaigns [29–31].

In the present study, we use the advanced version of our
model [17] to address the fission of two californium isotopes
in two excitation-energy regimes. In particular, we consider
spontaneous fission of 252Cf, and fission of 250Cf at an exci-
tation energy E∗ of 46 MeV induced by the fusion reaction
generated by a 238U beam on a 12C target. Experimental iso-
topic yields for both systems are available from Refs. [32–38]
and Refs. [30,39], respectively. Comparison with these data
allows us to evaluate our theoretical model’s performance over
a wide range of excitation energies (our previous studies have
focused on low-energy fission). Such a study will allow for a
strict test of the assumed evolution of various quantities with
temperature.

The main features of the model, which are important
for an understanding of the present study, are briefly re-
called in Sec. II, while we refer to Refs. [17,25] for
further details and parameters. Sections III and IV present
the calculated results for spontaneous fission of 252Cf and
fusion-induced fission of 250Cf at excitation energy E∗ =
46 MeV. A summary and concluding remarks are given in
Sec. V.
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II. MODEL

A. Shape parametrization and the potential-energy surfaces

The model used in our present study is the same as in our
previous investigation [17] on thermal neutron-induced fission
of 235U. That is why only its main ingredients are briefly
listed below. Using what we call the Fourier-over-spheroid
shape parametrization developed in Ref. [26], the surface of
a deformed nucleus is described in cylindrical coordinates
(ρ, ϕ, z) by the following formula:

ρ2
s (z, ϕ) = R2

0

c
f

(
z − zsh

z0

)
1 − η2

1 + η2 + 2η cos(2ϕ)
. (1)

Here ρs(z, ϕ) is the distance of a surface point to the z-axis.
The function f (u) defines the shape of the nucleus having
half-length c = 1:

f (u) = 1 − u2 −
n∑

k=1

{
a2k cos

(
k − 1

2
πu

)

+ a2k+1 sin(kπu)

}
, (2)

with

u = z − zsh

z0
, (3)

where z0 = cR0, with R0 being the radius of the sphere, is the
half-length of the deformed nucleus and the shift parameter
zsh = −3/(4π ) z0(a3 − a5/2 + · · · ) ensures that the origin of
the coordinate system is located at the center of mass of the
nucleus so that −1 � u � 1. The expansion coefficients ai are
treated as the deformation parameters. The first two terms in
f (u) describe a sphere. The volume conservation condition
implies a2 = a4/3 − a6/5 + · · · . The parameter c determines
the elongation of the nucleus, keeping its volume fixed, while
a3 and a4 are, respectively, the deformation parameters essen-
tially responsible for the reflection asymmetry and the neck
formation of the deformed shape. The parameter η in Eq. (1)
allows for a possible nonaxial deformation of the nucleus.

Equation (2) is entirely equivalent to the one based on
the original Fourier expansion of Ref. [28] but is easier to
handle in the case of fission because, in the present case,
and contrary to the original definition, the range of variability
of the ai coefficients does not depend on the elongation c.
In addition, the mass ratio of the fragments, their relative
distance, and the radius of the neck between them, measured
in z0 units, do not depend on the elongation of the nucleus.
In addition, the heavy fragment mass-number Ah is nearly a
linear function of the a3 deformation: Ah ≈ (1 + a3) A

2 at the
scission configuration (a4 ≈ 0.72). One has also to note that
for the reflection-symmetric shapes (a3 = 0), the geometrical
scission point occurs when a4 = asc

4 = 3
4 + 6

5 a6 + · · · inde-
pendently of the elongation c.

The potential energy surfaces (PES) of fissioning nuclei
are then obtained in the four-dimensional (4D) space of
deformation parameters (c, a3, a4, η) using the macroscopic-
microscopic (macro-micro) model [40]. The macroscopic part
of the energy is evaluated according to the Lublin-Strasbourg
drop (LSD) formula [41], while the microscopic energy

corrections are calculated using the Yukawa-folded single-
particle potential [42] and the Strutinsky shell correction
method [40,43]. The pairing correlations are described using
the BCS formalism with an approximative projection on good
particle number [44,45]. All parameters of the macro-micro
model used in the present study are the same as in Ref. [46].

Please recall here that, due to energy-dissipation effects,
even spontaneously fissioning nuclei get excited near the scis-
sion configuration. The resulting temperature effect of atomic
nuclei is even more crucial in the case of neutron-induced
fission or the fission of compound nuclei formed in heavy-ion
collisions. It would not be easy to evaluate the PES with
changing temperature T on the way to the scission config-
uration. Therefore, we do it approximately in the following
way. In the macro-micro model, one generally assumes that
the total potential energy

Vtot = Vmac + Vmic (4)

is the sum of the macroscopic Vmac and microscopic Vmic parts.
The macroscopic part of the potential energy grows parabol-
ically with increasing temperature (refer to, e.g., Ref. [47]),
while the amplitude of the microscopic energy correction de-
creases. Following the estimates made in Ref. [48] we have
assumed that the microscopic part of the potential energy
varies with temperature T according to the following phe-
nomenological relation [25]:

Vmic(�q, T ) ≈ Vmic(�q, T = 0)

1 + exp[(T − 1.5)/0.3]
, (5)

where the temperature T is in MeV units and �q stands for the
{c, a3, a4, η} deformation.

B. Dynamical evolution

In our approach, the dissipative fission dynamics is
described by the Langevin equation. In the generalized coor-
dinates ({qi}, i = 1, 2, . . . , n) it has the following form [49]:

dqi

dt
=

∑
j

[M−1(�q )]i j p j

d pi

dt
= −1

2

∑
j,k

∂[M−1] jk

∂qi
p j pk − ∂V (�q)

∂qi

−
∑

j,k

γi j (�q) [M−1] jk pk + Fi(t ), (6)

Here V (�q ) = Epot (�q ) − a(�q )T 2 is the Helmholtz free-energy
of the fissioning nucleus with temperature T and a(�q ) is the
single-particle level density parameter. The potential energy
Epot (�q ) at a given deformation �q is obtained by the macro-
micro prescription as stated above. The parameter a(�q ) is,
according to Ref. [47], a deformation-depending function.
The inertia and friction tensors M jk and γi j are respectively
evaluated in the irrotational flow and the wall approximation,
as described in Refs. [25,50].

The vector �F (t ) stands for the random Langevin force,
which couples the collective dynamics to the intrinsic degrees
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of freedom and is defined as

Fi(t )=
∑

j

gi j (�q ) Gj (t ), (7)

where �G(t ) is a stochastic function whose strength g(�q ) is
given by the diffusion tensor D(�q ) defined by the generalized
Einstein relation:

Di j =T ∗γi j =
∑

k

gik g jk, (8)

with

T ∗ = E0/tanh

(
E0

T

)
. (9)

The vector function �G(t ) takes into account both statistical
and collective fluctuations [51]. In the following, we have
taken E0 = 3 × 0.5 MeV, assuming that each collective mode
contributes 0.5 MeV to the zero-point energy. The temper-
ature T is obtained from the thermal excitation energy E∗
defined as the difference between the initial energy Einit and
the final energy, which is the sum of kinetic (Ekin) and po-
tential (V ) energies of the fissioning nucleus at the present
deformation (�q) and the sum of the binding and the kinetic
energies of emitted particles (Epart):

a(�q )T 2 = E∗(�q ) = Einit − [Ekin(�q ) + V (�q ) + Epart]. (10)

The initial conditions of the dynamical calculation corre-
spond to the excited compound system in the vicinity of the
outer saddle point, e.g., for 252Cf: c ≈ 1.6, a3 ≈ 0.15, a4 ≈
0.12, η = 0. We assume that scission takes place when the
neck parameter a4 is equal to 0.72 since this value corresponds
to a neck radius approximately equal to the nucleon radius
rneck =r0 = 1.217 fm. Nonaxiality was found to be significant
only at small elongations before reaching the outer saddle
(c ≈ 1.6 for the systems considered here), consistent with
what had been found in the past within various approaches
[23]. At larger deformations, its influence is negligible. More-
over, the role of higher-order Fourier expansion coefficients a5

and a6 in Eq. (2) is small even in the region of well-separated
fission fragments, as shown in Ref. [25]. Consequently, we
restrict the Langevin calculations to the 3D (c, a3, a4) defor-
mation space when discussing fission dynamics.

Using the above formalism and procedure, we have per-
formed extended dynamical calculations, including around
105 fissioning Langevin trajectories, from which we extracted
the predictions of the model for various observables such
as the fission fragment mass, charge, or kinetic energy dis-
tributions. Please note that we have used the same set of
parameters as the one employed in our previous study [17]
in which neutron-induced fission of 235U and bimodal fission
of fermium isotopes were discussed.

The masses of the heavy (Ah, �qh) and the light fragments
(Al , �ql ) are proportional to the volumes of the daughter nuclei
at the scission point, which defines the end of each Langevin
trajectory.

Knowing the fragment deformations at scission �ql and �qh,
it is possible to find the most probable charge for each isobar
by analyzing the energy of the system at scission as a function

of the charge number Zh of the heavy fragment:

E (Zh; Z, A, Ah, �qh, �ql ) = ELSD(Z − Zh, A − Ah); �ql )

+ ELSD(Zh, Ah; �qh ) + E rep
Coul

− ELSD(Z, A; 0), (11)

where Ah is the heavy fragment mass number and the fragment
Coulomb repulsion energy E rep

Coul is given by

E rep
Coul = 3e2

5r0

[
Z2

A1/3
BCoul(�qsc) − Z2

h

A1/3
h

BCoul(�qh)

− Z2
l

A1/3
l

BCoul(�ql )

]
. (12)

Here, r0 = 1.217 fm and the Coulomb shape function BCoul is
the same as in the LSD mass formula [41].

The distribution of the heavy-fragment charge number can
be estimated using a Wigner function corresponding to the
energy E obtained with the help of Eq. (11) for different
values of Zh (refer to Ref. [17] for more details):

W (Zh) = exp
{−[E (Zh) − Emin]2/E2

W

}
. (13)

This function gives the probability distribution of the fragment
charge. The energy Emin in Eq. (13) is the lowest discrete
energy in (11) as a function of Zh. Furthermore, a random
number [17] is introduced to determine the charge number
Zh of the heavy fragment, while the charge number of the
light fragment is Zl = Z − Zh. The energy EW should be
chosen comparable with the energy distance h̄ω0 between
harmonic oscillator shells since we are dealing here with a
single-particle (proton-neutron) transfer between the touching
fragments due to the charge equilibration. In the following we
have assumed EW = 0.5 h̄ω0. The above charge equilibration
effect must be considered at the end of each Langevin trajec-
tory when one fixes the fission fragments’ integer mass and
charge numbers.

The fission fragment TKE is given by a sum of the
Coulomb repulsion energy (12) of the fragments and their the
pre-fission kinetic energy (E rel

kin) of relative motion:

TKE = E rep
Coul + E rel

kin, (14)

This expression gives, without any doubt, a more accu-
rate estimate of the fission-fragment kinetic energy than
the frequently used point-charge approximation: TKE =
e2ZhZl/R12, where R12 is the distance between the fragment
mass centers.

C. Neutron evaporation

Thermally excited heavy nuclei deexcite by emitting light
particles, such as neutrons, protons, or α particles. At rela-
tively low excitation energies (E∗ < 80 MeV), only neutron
evaporation takes place, while the emission of a proton or α

particle is unlikely [52]. Emission of high-energy γ rays in
competition with neutron evaporation is rare and is therefore
neglected in the present study. At the end of the deexcitation
chain, below the neutron separation energy, the remaining
excitation energy and angular momentum are exhausted by
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FIG. 1. Potential energy surface of 252Cf projected onto the
(c, a4) plane (top) and its (c, Ah) cross section (bottom) around
the scission configuration at a4 = 0.72, where Ah is the mass of the
heavy fragment. Each point of the top map is minimized concerning
the nonaxial (η) and the a3 shape variables, respectively. The values
of the energy layers are taken relative to the spherical liquid drop
binding energy.
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FIG. 2. Primary fission fragment mass yield of 252Cf as a
function of mass (top) and the charge (bottom) numbers. The ex-
perimental data are taken from Ref. [32].
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FIG. 3. Fission fragment total kinetic energy (TKE) of sponta-
neously fissioning 252Cf as a function of neutron (Nf ) and proton
(Zf ) numbers of the primary fragments (top). Its projection onto the
fission fragment mass number Af is shown in the bottom panel. The
experimental data are taken from Ref. [33].
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FIG. 4. Multiplicity of neutrons (ν) emitted by each fission
fragment of 252Cf as a function of neutron (Nf ) and proton (Zf )
numbers of the primary fragments (top). Its projection onto the
fission fragment mass number Af is shown in the bottom panel. The
experimental data are taken from Ref. [32].
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FIG. 5. Secondary fragment isotopic yields from Ga to Dy for spontaneous fission of 252Cf. Black points present theoretical estimates,
while the evaluated data (red stars) are taken from Refs. [35,36] (for In isotopes), and the experimental data (blue crosses) for Ce and Nd from
Ref. [38] (blue crosses).

the low-energy γ ray’s emission. The latter stage of the decay
process is not included in the model, since it does not affect
the observables of interest in this work.

The modeling of neutron emission from the excited com-
pound system along its way to scission is taken from a
Weisskopf-like model described in Refs. [52,53]. The pre-
scription for the deexcitation process of the excited fragments
emerging at scission (hereafter called the primary fragments)
has been described in detail in Sec. II D of Ref. [17] and is
therefore not repeated here.

III. SPONTANEOUS FISSION YIELDS OF 252Cf

The 4D PES of the 252Cf spontaneously fissioning nucleus
is evaluated within the macro-micro model, as described in the
previous section. The (c, a4) and (c, Ah) cross sections of the
PES of 252Cf after suited minimization are presented in Fig. 1.
The top panel shows the PES projection onto the (c, a4) plane,

i.e., each energy point in the (c, a4) map is obtained by a
minimization concerning the nonaxial and reflection asymme-
try deformation parameters η and a3 respectively. The ground
state minimum (g.s.) is found at an elongation c = 1.14 and
a4 = 0.01, while the exit point (after tunneling the fission
barrier) found at c ≈ 1.6 and a4 ≈ 0.2, is marked by a red
point. The asymmetric fission valley ends at an elongation
c ≈ 2.2 and the symmetric one at c ≈ 2.8. The PES projection
shown in the bottom panel corresponds roughly to the scission
point (rneck � rn), as noted above. From both cross sections, it
can be deduced that the close-to-scission configuration of the
asymmetric valley corresponds to the minimum at Ah ≈ 150
and c = 2.2. In comparison, the end of the symmetric valley
is found at Ah ≈ 126 and c = 2.8. As expected, asymmetric
fission of 252Cf leads to a more compact scission configuration
than the more elongated one found for a symmetric splitting.

The primary fission fragment mass yield obtained in our
model is compared in Fig. 2 (top) with the experimental data
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FIG. 6. Langevin estimate of the differential fusion cross-
section of 250Cf produced in 238U (1461 MeV) + 12C collisions
within a model described in Ref. [54].

from Ref. [32]. The theoretical yields are found to be shifted
by a few mass units compared to the data. Additionally, the
probability of symmetric fission is slightly overestimated. A
similar comparison but for the charge yield is shown in the
bottom panel of Fig. 2, where the experimental data are taken
from Ref. [34]. The odd-even staggering in our estimates is
more pronounced than that observed experimentally, and the
yield is shifted by approximately two charge units compared
to the data.

The TKE averaged over all trajectories for each specific
fragment pair is shown in Fig. 3 as a function of the primary
fragment neutron and proton numbers. It is seen that the
neutron-rich isotopes have, in general, larger TKEs, which
means that they correspond to smaller elongations of the fis-
sioning system in the scission configuration. The TKE as a
function of the fission fragment mass number is compared
in the bottom panel of Fig. 3 with the experimental data
taken from Ref. [33]. Our estimates underestimate the TKE
corresponding to the symmetric fission, which probably cor-
responds to a more compact configuration at scission than
predicted in our model. It may indicate that the higher-order
expansion coefficients have to be included to obtain a better
description of this fission process. A similar map but for
the multiplicity of the neutrons emitted by the fragments
is presented in Fig. 4 (top). It is found that the symmetric
fragments emit, on average, less than one neutron, while the
most probable mass asymmetric fragments evaporate around
three neutrons or more. In the bottom panel of Fig. 4 the
neutron multiplicities are shown as a function of the fragment
mass number. The experimental data are taken from Ref. [32].
The multiplicities are reproduced well on average only. The
observed experimentally jump between A f ≈ 120 and 130 is
not reproduced as shell effects in the fission fragments are
not taken into account in the present calculation. All fission
fragments predicted in our approach are located below the
β-stability line marked in Figs. 3 and 4, and thus correspond
to relatively neutron-rich isotopes.

The calculated (black points in Fig. 5) secondary (i.e.,
after neutron evaporation) fragment isotopic yields are com-
pared from Ga to Dy with the data (red stars) taken from the
ENDF/B-VII.0 and JEFF-3.3 libraries [35,36] and the very

FIG. 7. Same as Fig. 1 but for 252Cf at a temperature T =
1.4 MeV.

recent data (blue crosses) from Ref. [38] via mass measure-
ment at the FRS ion catcher for a large range of neutron
numbers. The overall agreement of our estimates with the data
is quite satisfactory, especially when one considers that none
of the model parameters was fitted to these data. The fission
yields predicted for the Sn, Te, and Xe isotopes are slightly
underestimated as compared with the experimental data of
Ref. [35].

IV. FISSION YIELDS OF 250Cf AT E∗ = 46 MeV

The development of the model of Ref. [17] was initially
motivated by the wealth of experimental data available for
low-energy fission, and the importance of this energy regime
in various applications. However, the energy dependence
of the model transport parameters was included already in
Ref. [17], as well as the possibility of prescission evaporation,
i.e., multichance fission. As noticed above, the model was
tested only for low-energy fission in our previous work. In
the present section, we extend its application to fission at high
excitation energy. Such an investigation may serve as a strin-
gent test for the temperature dependence of the microscopic
energy correction and the transport parameters such as inertia,
friction, and diffusion tensors.

The fission fragment mass, charge, and isotopic yields for
250Cf produced at E∗ ≈ 46 MeV in 238U + 12C collisions
were studied experimentally in detail in Refs. [30,39]. The
most probable angular momentum of 250Cf is found to be
around L = 20h̄ as one can see in Fig. 6 in which the the-
oretical estimate of the fusion cross section obtained within
a Langevin-type calculation [54] is presented as a function
of L.
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The distributions are obtained within the Langevin + Masters model
described Ref. [52].

The excitation energy in the experiment above corresponds
to a temperature of the 250Cf nucleus of around T ≈ 1.4
MeV. Consequently, the amplitude of the microscopic energy
corrections becomes much smaller [see Eq. (5)] than in the
ground state [47]. The two cross sections of the PES of 250Cf
evaluated for T = 1.4 MeV are given in the top and bottom
parts of Fig. 7. As anticipated, the landscapes are smoother
relative to the ones at the ground state (compare, e.g., to the
close-by 252Cf of Fig. 1) due to the shell corrections found
smaller at finite temperature. Interestingly, they are, however,
not fully damped. Some asymmetric fission contribution may
thus persist, more or less hidden by the dominant symmetric
fission component, as one can learn from the cross section of
the bottom part of Fig. 7.

Due to its relatively high initial excitation energy, the
compound nucleus 250Cf produced in a fusion reaction has a
high probability of emitting some neutrons before reaching
the scission configuration (emission of light charged parti-
cles prior to scission is extremely rare due to the higher
energy cost [52]). Particle evaporation before scission leads
to what is commonly called multichance fission. The com-
petition between fission and evaporation is described with
a set of coupled 1D Langevin equations coupled with the
Masters equations for light particle evaporation, similarly to
what has been done in Ref. [52], but now with the new FoS
parametrization, better adapted for fission, and the same PESs
and transport coefficients as in the present 4D model. The
yield of the number of prescission neutrons is presented in
Fig. 8 (top), as well as the elongation of the nucleus at which

TABLE I. Distribution probability of the fissioning Cf isotopes
obtained after prefission neutron emission and their excitation en-
ergy. E th refers to the thermal excitation energy, i.e., after subtraction
of the rotational energy.

νpre 4 3 2 1 0

Cf 246 247 248 249 250
Yield (%) 11.5 57.9 22.1 6.9 1.6
E th (MeV) 15.8 20.4 27.3 35.7 45.5

this emission takes place (bottom). One notices that most neu-
trons are emitted even before reaching the saddle point. The
temperature of the compound nucleus decreases obviously
after each emission act, so the temperature dependence of the
microscopic energy (5) must be considered in our calculation.

FIG. 9. Primary (i.e., at scission configuration) fission fragment
mass (top), charge (middle), and TKE (bottom) yields corresponding
to the different fission chances.
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FIG. 10. Primary (dashed line) and final (solid line) fission frag-
ment mass yields of 250Cf obtained without (top) and with (bottom),
considering multichance fission. The experimental data (red dia-
monds) are taken from Ref. [30].

The average multiplicity of neutrons emitted before scission is
found to be νpre = 2.7, while the multiplicity of the neutrons
emitted before reaching the saddle point is 2.4. One finds
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FIG. 11. Similar to Fig. 10 but for the charge yields.

 20

 30

 40

 50

 60

 70

 30  40  50  60  70  80  90  100 110 120

60
80

100

A
f  = 120

140

160

Z f

Nf

0.0

0.5

1.0

1.5

2.0

yi
el

d 
(%

)

250Cf at E*=46 MeV250Cf at E*=46 MeV

β-sta
bility

 lin
e

exp.exp.

 20

 30

 40

 50

 60

 70

 30  40  50  60  70  80  90  100 110 120

60
80

100

A
f  = 120

140

160

Z f

Nf

0.0

0.5

1.0

1.5

2.0

yi
el

d 
(%

)

250Cf at E*=46 MeV250Cf at E*=46 MeV

β-sta
bility

 lin
e

primaryprimary

<νpre>=2.7

 20

 30

 40

 50

 60

 70

 30  40  50  60  70  80  90  100 110 120

60
80

100

A
f  = 120

140

160

Z f

Nf

0.0

0.5

1.0

1.5

2.0

yi
el

d 
(%

)

250Cf at E*=46 MeV250Cf at E*=46 MeV

β-sta
bility

 lin
e

finalfinal

<νpre>=2.7

FIG. 12. Experimental (top), primary (middle), and final (bot-
tom) isotopic yields of 250Cf. The experimental data are taken from
Ref. [30].

that the most probable event (57.0%) is the emission of three
neutrons, while the probability of events with no neutron
emission, i.e., fission of 250Cf, is minimal (1.6%).
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dots, and experimental data (red +) are taken from Ref. [30].

From this result, we conclude that in the case of 250Cf at
a thermal excitation energy of E∗ = 46 MeV, one is instead
dealing with the fission of lighter Cf isotopes, which are, of
course, due to the energy loss through the neutron emission,
less excited, as one can see in Table I. The results shown in
Fig. 8 and the distribution probability and the correspond-
ing excitation energies of different Cf isotopes presented in
Table I are obtained based on 10 000 1D Langevin-plus-
Masters trajectories leading to the fission configuration.

As has been shown in Ref. [25], the fission fragment
yields are to a good approximation independent of the initial
conditions when the Langevin trajectories are started in the
region of the scission point or at a smaller elongation of the
fissioning nucleus. To allow for multichance fission but keep
the computing time within reasonable limits, we have there-
fore performed five independent Langevin calculations for
246–250Cf isotopes with the initial thermal excitation energies
as listed in Table I, starting from such an elongated initial
configuration. Qualitatively, the PESs of these less excited

246–250Cf isotopes are intermediate between Figs. 1 and 7.
The theoretical mass (top), charge (middle), and TKE (bot-
tom) yields obtained for the different numbers of pre-fission
neutrons are shown in Fig. 9. The yields obtained for each
prescission isotope is then weighted with its probability (sec-
ond row in Table I). The calculated primary (without taking
neutron evaporation into account) and secondary (including
neutron evaporation) mass yields are compared in Fig. 10 with
the experimental data taken from Ref. [30]. Similar plots for
the charge yields are presented in Fig. 11.

It is seen in Figs. 10 and 11 that the estimates obtained by
taking into account the prefission neutron evaporation, eval-
uated separately for different Cf isotopes and then weighted,
are much closer to the data. The experimental (top), primary
(middle), and final (bottom) estimates of the isotopic yields
are shown in Fig. 12 as functions of Nf and Zf . The cal-
culations were based on 5 × 100 000 Langevin trajectories,
so the range of less-probable nuclides is slightly smaller
than the one obtained experimentally in Ref. [30]. The final
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FIG. 15. The Nf/Zf ratio of the fragment average number of
neutrons to the charge number for 250Cf at E∗ = 46 MeV. The solid
line corresponds to the post-neutron emission numbers, while the
dashed one to the ratio evaluated before neutron emission from the
fragment. The dotted line marks the neutron to proton ratio for 250Cf.
The experimental data (red points) are taken from Ref. [30] and their
error bars are smaller than the point size.

distribution of yields, i.e., after neutron emission from the
fragment, is found to be shifted by 2–3 units relative to the
measured ones.

A similar plot but for the fragments’ total kinetic energy
(TKE) is shown in Fig. 13. For the lightest and the heaviest
fragments, as well as the ones corresponding to the symmetric
fission, our model predicts a small TKE around 140 MeV,
while the fragments with masses around A = 140 or A = 110
are found to have larger TKE’s around 160 MeV.

A more detailed comparison of our model with the data
[30] is shown in Fig. 14 with the secondary isotopic distribu-
tions of fragment elements from Ga to Dy plotted as a function
of the neutron number. Both theoretical and experimental
yields show a kind of inverted parabola in the logarithmic
scale. However, the stiffness of all the experimental distribu-
tions is significantly smaller than the ones of our theoretical
estimates. In addition, the peak of the experimental distribu-
tion is generally shifted by 2–3 units towards larger neutron
numbers relative to the theoretical distribution, as already
deduced above. It is interesting to note that although the de-
scription of the integral mass and charge yields are of similar
quality for spontaneous fission of 252Cf and fusion-fission of
250Cf, the predictions for the isotopic yields are slightly worse
in the latter case. This effect may suggest some deficiency
in treating multichance fission and/or evaporation in general.
However, this observation still needs further investigation due
to the interplay of various aspects during the fission process
and the interdependence of its different stages.

The Nf/Zf ratio as a function of the fragment charge num-
ber is shown for 250Cf at E∗ = 46 MeV in Fig. 15. Our
estimates corresponding to the primary (dashed line) and final
(solid line) yields are compared with the data (red diamonds)
taken from Ref. [30]. The dotted line indicates the neutron-to-
proton ratio in the parent nucleus. The experimental data are
located in between the pre- and post-emission lines, which
suggests that we overestimate the neutron number emitted
from the fragments. As one can see in Fig. 16 (top), the cal-
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charge number. The experimental data are taken from Refs. [30,39]
and their error bars are smaller than the point size.

culated total number of neutrons emitted from both fragments
is described in a rather satisfactory way. In contrast, Fig. 16
(bottom) shows that the model overestimates the number of
neutrons emitted from the light fragments and underestimates
the ones from the heavy fragments. Therefore, The deficiency
above seems to be connected to the neutron emission balance
between the two fragments and thus may be attributed to the
description of the sharing of the nucleons and/or excitation
energy at scission. However, due to the entangled process,
further investigations are required before a final conclusion
can be drawn.

V. SUMMARY AND CONCLUSIONS

In a previous communication [17] we presented a multi-
dimensional Langevin fission model capable of handling the
various facets of the process, including (i) the dynamical
evolution of the fissioning system between the ground state
and the scission point, in competition with the particle evap-
oration, (ii) the sharing of neutrons, protons, and excitation
energy between the two fragments at the moment of scission,
(iii) their kinetic energy after full acceleration, and finally (iv)
their decay back to equilibrium through the evaporation of
neutrons. The energy dependence of the different ingredients
has been included from the beginning. The model was tuned
and tested till now for low-energy fission only, particularly for
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thermal neutron-induced fission of 235U. It also confirmed its
capacity [17] to give a fair description of the evolution of the
fragment properties along the fermium isotopic chain in the
low-energy regime where most experimental information is
available.

In the present study, the theoretical framework developed
in Ref. [17] was applied, without any change of parameters,
to the spontaneous fission of 252Cf and the fission of 250Cf
produced at an excitation energy of 46 MeV in a fusion
reaction, thus permitting us to test the predictive power of our
model over an extended range of temperature, and thereby the
implemented energy dependences.

A further extension of the present work compared to
Ref. [17] is the investigation of more detailed observables,
particularly fragment isotopic distributions with unique res-
olution. The recent availability of such accurate data makes
it possible to test fission models less ambiguously since pre-
vious data often needed better resolution or were restricted
to integral distributions. Wherever the corresponding data are
available, the model is found to describe reasonably well
the integral primary and secondary mass and charge yields,
the distribution of the fragment total kinetic energy, as well
as the total amount of neutrons emitted in coincidence with
fission for both 252Cf and 250Cf. The quite accurate reproduc-

tion of the isotopic yields for fragment elements from Ga to
Dy shows a good description for spontaneous fission of 252Cf,
but a somewhat poorer performance for higher excitation en-
ergy fission of 250Cf. The simultaneous analysis based on the
total and individual (viz., per fragment) neutron multiplicities
suggests a deficiency due to the properties of the fragments
emerging at scission and probably with the calculated ex-
citation energies. Further studies in this direction and other
alternative explanations, such as charge equilibration and shell
effects, will be the subject of future investigations.

The present study demonstrates the importance of accurate
and highfold correlation experimental information for con-
straining fission models. The availability of more and more
data of this kind will be very beneficial to improve the present
model, and fission theory in general.
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