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Abstract. The mean-square nuclear radii, quadrupole moments and deformation parameters of
the proton and neutron distributions are evaluated using the mean-field Hamiltonians with the
Gogny and Skyrme forces. The results are compared with the estimates obtained within the
relativistic mean-field theory and with the experimental data. The calculations were performed
for a few sets of the Skyrme forces and for a wide range of the neutron numbers of Sr, Xe.and
Ba isotopes. A significant difference was found in the deformation of the proton and neutron
distributions, especially for Sr isotopes.

1. Introduction

The aim of this work is to analyse the application of a few mean-field models to the
description of sizes and shapes of neutron and proton distributions in the ground state of
nuclei for a wide range of neutron numbers.

Many authors present their models with different parameter sets in order to reproduce
several features of nuclei, but it seems that vp to now a broad comparison of the theoretical
results and the experimental data fails, especially for nuclei far from the §-stability line. To
describe these isotopes properly one has to choose a model sensitive to the subtle effects
of the neutron excess in a nucleus which also reproduces the data on the borders of nuclear
regions, far from the magic protor (Z) and neutron (N) numbers.

It seems that for these nuclei qualitatively new events appear with increasing neutron
numbers, which can throw new light on the nature of nucleon—nucleon interaction, especially
its isospin dependence. In our analysis, the results obtained with the effective Skyrme
nucleon—nucleon interaction [1, 2] are compared with those evaluated with the Gogny forces
[3, 4] and the relativistic mean-field (RMF) theory [5, 6]. _

We have calculated the mean-square charge radii (MSR) and electric quadrupole moments
(Q3) of Sr, Xe and Ba isotopes. The equilibrium deformations and root-mean-square radii
of proton and neutron distributions are also compared. The results with the Gogny forces
are similar to those obtained with the RMF theory, while the Skyrme forces Sk1-Sk7 give
slightly worse MSR values. Only the estimates obtained in [2] in the semiclassical approach
to the HF—BCS method for the set of Skyrme forces SkSC4 are as good as those obtained
within RMF and Gogny models. Significant differences in the equilibrium deformations
of the proton and neutron distributions for the neutron-rich Sr isotopes are found for the
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Skyrme forces and the RMF theory. In addition, the root-mean-square radius of neutrons has
been shown to increase more rapidly with the neutron number than that of protons, This
increase is especially large for estimates obtained within the RMF theory.

Qur theoretical estimates of the quadrupole moments are only static, 1.e. no dynamical
effects [7] are included here. This is probably the reason why the theoretical values of Q>
for less deformed nuclei are systematically smaller than the experimental data.

2. The theoretical model

The Hartree~Fock calculation with effective interactions, i.e. the nucleon—nucleon forces in
the presence of other finite-number nucleons, seems to be the best compromise between
the phenomenological mean-field models and the real treatment of the nuclear many-body
problem which is unsolvable for heavier nuclei.

The best effective interactions currently available are the Gogny [3] and Skyrme [1, 8]
forces. These density-dependent interactions have still not been fully explored to describe
the nuclear features, They go beyond the known mean-field theories. Only the relativistic
mean-field {RMF) theory [5], having the proper spin—orbit term and treating the nucleon and
meson interaction on the more microscopic relativistic level, can be compared with these
effective forces. In the following, we present a short description of these three models and
their parameters.

2.1. Gogny forces

The finite-range Gogny forces permit a simple inclusion of pairing interactions. It has
already been proved that these forces can reproduce the main properties of spherical and
deformed nuclei.

The two-body effective potential is:
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In the calculations we use the DS1 parametrization of the Gogny force. This was first
used in [9] and parameters can be found in [10]. The complete set of these parameters,
namely Wy, B;, H;, M;, Ws, xp and y is shown in table 1 [9].

We have performed the Hartree-Fock-Bogolubov (HFB) calculation and obtained the
ground state wavefunction. The multipole moments are evaluated as the expectation values
of the corresponding operators.

Table 1. Set of parameters of the Gogny interaction taken from [9], used in (1).

Central term o {(fm) W 8 H M

i=1 07 —1720.3 1300.0 ~1815.5 1397.6
i=2 12 103.64 —163.48 162.81 —223.93
Density terrs ty = 13906 MeV fm* xg =1 y = 1/3

Spin-orbit term Wys = =130.0 MeV fm®
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2.2. Skyrme forces

The zero-range, density-dependent Skyrme interaction is simpler than the Gogny forces but
it also allows the simultaneous reproduction of nuclear radii and binding energies. These
forces are only valid for rather low relative momenta. Here, a short-range expansion of the
‘true’ interaction Vi, is used, keeping only the first few terms of the Taylor expansion in
the momentum space.

The corresponding two-body interaction has the following form:
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The parameters of the interaction are listed in table 2 for a few commonly used forces.

Table 2. Different sets of parameters of the Skyrme forces (2) used in our estimates.

Parameter Skl sk3 5k6 Sk7 SkSC4
fp MeV fm’)  —1057.3  —1128.75 —1101.81 —1096.80 —1789.42
1 (MeV By 2359 395.0 11167 2462 23,467
ta (MeV fm’)y 1000  —95.0 —13833  —148.0 —283.467
f3 (MeV fm?) 144635  14000.0 17000.0 17626.0 12782.3
X0 0.5634 0.45 0.583 0.62 0.79

x| 0 0 0 0 —0.5

) 0 0 0 0 -0.5

x3 ¢ 1 1 1 1.13871
Wy (MeV fm%) 1200 120.0 1150 112.0 124.877

y 1 1 1 1 0.3333333

Using the Hartree-Fock mean-field approximation one can express the total energy of
a nucleus as the volume integral:

E= f H(P) d*F. 3}

_ The energy density H (¥) is a function of nucleon (p), kinetic energy () and spin
(J) densities. The total energy (3) has to be minimized with respect to the choice of
the many-body wavefunctions, which leads to the eigenproblem with the corresponding
mean-field Hamiltonian. Unfortunately, the Skyrme forces fail when one tries to obtain the
pairing correlations. The residual pairing forces have to be artificially added to the mean-
field Hamiltonian in a similar way to in the calculations with the average single-particle
Hamiltonians, i.e. we work with the typical BCS formalism. We took the experimental
pairing gaps A as calculated from the mass tables of Audi and Wapstra [11] and Moller et
al [12] for experimentally unknown nuclei. This means that we have solved the equation
only for particle numbers in order to determine the position of the Fermi level. We have
taken 10 osciilator shells when performing the calculation for Sr isotopes and 12 shells for
Xe and Ba isotopes.



660 A Baran et al

2.3. Relativistic mean-field theory

The RMF theory starts from a Lagrangian containing nucleconic and mesonic degrees of
freedom [5]. In comparison with the density-dependent Hartree-Fock calculations with
the Skyrme and Gogny forces, the RMF theory seems to be more fundamental, giving a
relativistic treatment of nucleonic and mesonic variables and a proper description of the
spin—orbit interactions. Nevertheless, it is still an effective phenomenological method based
on the local densities and fields, while numerically it is not much more complicated than
the calculation with the Skyrme forces.

The RMF theory was successfully used to reproduce parameters of the nuclear matter
and some properties of finite nuclei such as binding energies, mean-square charge radii and
quadrupole moments.

The theory is based on the following field Lagrangian density [3, 6]
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The fields belong to nucleons (Dirac spinor field ), the low-mass isovector-vector meson

(Bus Ruv), the isoscalar—vector (ey; §2,0), the scalar o and the massless photon vector field
(Ay; Fuy). The field tensors are given by

O = ¥’ — §¥af )
RV = 95" — 0"5" — g,(p* A 3") 6)
FHYo= gl AY — VAR, (M

In {4), the U(c) potential represents fields in which o-mesons are moving. It has the
form
Uie) = 1 24 1 ol 4 Ly (8)
@) =7me0"+ 28 7849
The case g3 = g4 = 0 corresponds to a linear Walecka modet [5]

The Dirac spinors i; of the nucleon and the fields of ¢-, p- and w-mesons are solutions
of the coupled Dirac and Klein—-Gordon equations which are obtained from (4) by means of
the classical variational principle and are then solved (in the static case) by the self-consistent
Hartree method for the case of axjally-symmetric systems of nucleons with additional pairing
interaction. These equations are solved iteratively; starting from an estimate of the meson
and electromagnetic fields, one can solve the Dirac equation and obtain the spinors ;. These
are used to obtain the densities and currents, The atter serve as sources for solution of the
Klein—Gordon equations and provide the new estimates of the meson and electromagnetic
fields for the next iteration [6].

The parameters used in our calculation are [6]:

M, the nucleon mass,

Mg, My, M, the meson masses,

8a»> 8w 8p» the meson coupling constants,

&2 /4w = 17137, the photon coupling constant, and
83, g4, the o-meson field constants.
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All the nucleon coupling constants g., £, &, the mass of the o-field, and g1 and gu
are listed in table 3 and are taken from [13].

Table 3. The parameters set NL-SH [13] used in the relativistic mean-field Lagrangian, {(4).

Parameter Value

M (MeV} 939.0

me (MeV)  526.059
my (MeV) 78300
mp {(MeV)  763.00

2o 10.4444
o 12.945

P 4383

P —6.5099
P —15.8337

Similarly to in the mean-field calculations with the Skyrme forces, we added external
monopole-pairing correlations with the strength which would reproduce exactly the
experimental pairing energy gaps for each isotope considered. In addition, we have taken
the basis consisting of 10 oscillator shells for Sr and 12 shells for Xe and Ba isotopes.

2.4. Mean-field estimates of nuclear size and shape

We are interested in the quantities characterizing the neutron and proton distribution in
nuclei, their sizes and shapes. In order to obtain estimates of these quantities for nuciei far
from B-stability we have applied all three mean-field methods described above.

The mean-square radius (MSR) of the neutron {or proton) distribution is equal to the
expectation value of the operator 7* between the corresponding Hartree-Fock-Bogoluboy
wavefunctions |HFB > :

7, = (HFB(n, p)|F2HFB(n, p)). )
The experimental data supplied us with the charge radivs rather than the proton radius [14,

15]. The thecretical charge radius is equal to that of protons corrected on the finite proton
charge distribution ‘
7w = (F3), +0.64 fm®. 10y

We have neglected here the contributions to the charge mean-square radius originating
from the electron-neutron form factor and the electromagnetic spin—orbit coupling {16, 17].
For the nuclet Sr to Ba considered in our paper the two corrections are of the same order
(approximately 0.1 fm?) but have different signs; thus, their effect on {7 2), is much smaller
than the typical differences between the results obtained by us within various theoretical
models.

The global measure of the deformation of the neutron (or proton) distribution could be
expressed by the corresponding quadrupole moment

{Qa}n., = (HFB(n, p}|2r® Pa(cos(9)[HEB(n, p)). (11)

Having the quadrupole and monopole moments we can estimate approximately the
deformation parameter S of the neutron {or proton} distribution [18]

_ iir_ <Q2)n,p
ﬁn.p B \/?(Qﬂ)n,p (12)
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where (Qg), = N{F%), and {Qo)p = Z(Fz)p. This simple estimate for the quadrupole
deformation is only valid for small deformations 8.

3, Results

The calculations were performed for Sr, Xe and Ba isotopes for which the experimental
data of MSR [14] and their isotopic shifts [15] is available. All these elements have a large
number of isotopes and show an interesting 'kink” effect, i.e. the rapid growth of nuclear
radius when reaching the magic number 50 for Sr or 82 for Xe and Ba. Unfortunately, this
effect is not reproduced in most of the theoretical calculations.

In figures 1-3 the charge MSR values of Sr (figure 1), Xe (figure 2) and Ba (figure 3)
are drawn as a function of the neutron number N. In figure 1{a) the results obtained with
the Gogny forces (solid line) and those for the RMF method (dashed line) are compared
with the experimental data (crosses) taken from [14, 15]. Similar results obtained with the
Skyrme forces Skl (solid line), SkSC4 (dashed line) and Sk7 (short dashes) are plotted in
figure 1(b). The theoretical values of r2 and Q3 for the SkSC4 forces are taken from [2]
and were obtained within the semiclassical approximation. The charge MSR values obtained
for Xe isotopes are plotted in figures 2(a), (&) and those for Ba in figures 3{a), (b).

In general, the RMF theory, the Gogny forces and the set SkSC4 of the Skyrme forces
give the best MSR estimates. The Skyrme calculation with the set of parameters Sk7 gives
larger MSR values for every element, while the set Sk1 gives values that are too small. We
have also performed the calculations using the Sk3 and Sko forces, but the results obtained
with these were always close to those for Sk7 and therefore we have not presented them in
our figures.

One can see that for Sr isotopes the Gogny forces give slightly too large values of MSR
and that they are unable to reproduce the change in the systematics of MSR when passing
the magic number N = 50. Neither do the theoretical estimates of RMF theory reproduce
this ‘kink’ properly, although one has to say that the RMF values of MSR for Sr are closer
to the experimental points than those of Gogny. More extended discussion of the resuits
of the ’RMF model for Sr isotopes can be found in [19]. A discussion of the ground-state
properties of Sr isotopes together with experimental data for radii and quadrupole moments
are also given in [20] where forces SKa and GOP were used.

The values cbtained with the Sk7 forces are too large, while, surprisingly, the Skl set
gives the closest estimates of the MSR values to the experimental data for all Sr isotopes.

It is interesting that for the Xe and Ba elements neither the Sk7 nor the Skl set gives a
good estimate of the charge radii. The MSR values with Skl are too small, while those for
Sk7 to large. The values obtained with the Gogny forces or the Skyrme interaction SkSC4
and the RMF theory for all Xe and Ba isotopes are very close to the experimental data,

In all three models, the theoretical estimates of MSR for neutrons increase with the
neutron number. For heavier isotopes these MSR values are larger than those for protons.
This so-called ‘neutron-skin’ effect was observed experimentally for heavier isotopes (see
e.g. [21]). Here we would like to show how the size of the neutron skin depends on the
model and the parameters of the forces.

In figures 4-6 the difference between the theoretical values of the root-mean-square
radius of neutrons (R,) and protons (R,) is plotted as the function of mass number for Sr,
Xe and Ba elements. The results obtained with the Gogny forces are represented by the
solid line, the data obtained within the RMF theory by the dashed line and those for the Sk7
Skyrme interaction by the short dashes. One can see that in all three theoretical models the
width of the neutron skin grows with the neutron number. The estimates obtained within
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Figure 1. The theoretical estimates of the root mean square radius for Sr isotopes. The results
obtained with the Gogny forces (solid line} and in the rMF theory {dashed line) are compared in
{a) with the experimental data (crosses) taken from [16, 17]. The estimates obtained with the
Skyrme forces for the Skl (solid line), SkSC4 (dashed line) and Sk7 (short dashes) are plotted
in (b).
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Figure 2. The same 3s in figure 1(2), (b) but for Xe isotopes.
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Figure 3. The same as in figure 1(a), (&) but for Ba isctopes.
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Figure 4, The theoretical estimates of the
difference between the neutron and proton
mean-square radii for Sr isotopes. The results
obtained with Gogny forces (solid line) are
compared with those obtained within the RMF
theory (dashed line) and with the Sk7 Skyrme
interaction (short dashes).

Figure 5, The same as in figure 4 but for Xe
isotopes.

Figure 6. The same as in figure 4 but for Ba
isotopes.
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the Gogny and Skyrme maodel are similar, while the RMF theory predicts a larger growth,
The neutron-skin width reaches the value 0.4 fm for the heavier isotopes.

We have also studied the difference between deformations of proton and neutron
distributions.  Using (12) we have estimated the quadrupole deformation of both
distributions. A typical difference between the absolute value of the proton and neutron
deformations is A8 ~ 0.01, Only for Sr isotopes and the estimates obtained with the RMF
model have we noticed a more significant difference in deformations of proton and neutron
distributions. These results are plotted in figures 7-9 for Sr, Xe and Ba isotopes réspectively.
It can be seen that for the neutron-rich isotopes the proton distributions are systematically
more deformed than the newiron ones. The maximum difference AS of order 0.04 was
found in RMF for heavier Sr isotopes. The ground-state deformation of these isotopes is
around 8 = 0.3.

The theoretical estimates of the electric guadrupole moment for Sr, Xe and Ba
isotopes are presented in figures 10-12. The results are obtained using the three methods
described above. It can be seen that the theoretical estimates for less deformed nuclei are
systematically smaller than the experimental data. This is probably due to the lack of the
dynamical effects in our analysis [7].

In addition, for "5~%°Sr isotopes we have found non-axial ground-state deformations
(¥ ~ 20°) in the estimates made with the Gogny forces. In the other two methods (RMF
and Skyrme) the y degree of freedom was not taken into account.

4, Conclusions

The following conclusions can be drawn from our investigations:

(i) The Gogny and RMF theories as well as the newest set (SkSC4) of Skyrme forces
reproduce the charge mean-square values of Sr, Xe and Ba isotopes very well. The old
sets of parameters for the Skyrme interaction give results larger (Sk7) or smaller (Sk1)
than the experimental data. For Sr isotopes only the Skl forces give the best estimates
of the charge MSR.

(if) The difference between the root-mean-square radius of nevtrons and protons grows
almost linearly with the neutron number. This difference also depends significantly on
the theoretical model used. The relativistic mean-field theory with NL-SH parameters
(table 3) predicts the largest growth.

(iii) The deformations of the proton and neutron distributions are not always close to each
other. In heavy Sr isotopes, in Skyrme HFB calculations and in estimates obtained within
the RMF theory, significant differences (A8 ~ 0.04) were fonnd.

(iv) The electric quadrupole moments for well-deformed isotopes are reproduced egually
well in all three models, while for the less deformed nuclei the static HFB theoretical
predictions are always too small.
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Figure 11, The same as in figure [0 but for Xe
isotopes. Experimental data (crosses) are taken
from [23, 24].

Figure 12. The same as in figure 10 but for Ba
isotopes, Experimental data (crosses) are taken
from [23, 24].
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