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1. Introduction

Many-body effects can generate in condensed matter systems 
a plethora of either bosonic (like phonons, magnons) or fermi-
onic quasiparticles (e.g. polarons). Recently enormous activity 
has been devoted to very exotic types of quasiparticles, resem-
bling the Majorana fermions [4–8] that are identical with 
their own antiparticles. Such emergent quasiparticles appear 
under specific conditions in the symmetry broken states [1–3] 
and their non-Abelian character makes them of interest for 
quantum computing and/or brand new spintronic devices [9].

Realization of the Majorana quasiparticles has been pre-
dicted in various systems, for example in: vortices of super-
fluids [10], three-dimensional [11] or two-dimensional [12] 
topological insulators coupled to superconductors, noncen-
trosymmetric superconductors [13], electrostatic defects 
in topological superconductors [14], p-wave superconduc-
tors [15], the semiconducting [16, 17] or ferromagnetic [18] 
nanowires with the strong spin–orbit interaction coupled to 

s-wave superconductors, Josephson junctions [19], ultracold 
atom systems [20], and others. Experimental evidence for the 
Majorana quasiparticles has already been reported by the tun-
neling spectroscopy using the Rashba nanowires coupled to 
the bulk s-wave superconductors [21–24]. Zero-bias enhance-
ment of the differential conductance observed at the edges of 
such wires [21–23] has been interpreted as the signature of 
the Majorana mode, but a similar feature can be eventually 
assigned to disorder [25], Kondo effect in a crossover from the 
doublet to singlet configurations [26, 27] or other effects [28].

For unambiguous identification of the Majorana quasipar-
ticles there have been proposed several alternative methods, 
relying e.g. on optomechanical detection [29], shot noise 
measurements [30], Josephson spectroscopy [31] using het-
erostructures comprising the quantum dot (QD) side-attached 
to the nanowire (see figure 1). In the case when both external 
leads are metallic the reduction (by half) of the quantum dot 
conductance [32], the suppression of the Seebeck coefficient 
(due to perfect particle-hole symmetry at the Fermi level) [33] 
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and the unique interferometric lineshapes have been predicted 
[34–39].

T-shape setup, where QD is laterally coupled between the 
superconducting and metallic leads (figure 1) can reveal the 
fingerprints of Majorana fermions in the subgap spectrum 
[40]. This configuration was already addressed in the litera-
ture [40–42] but the spin-sensitive transport properties have 
not been analyzed in detail. Charge transport can occur at low 
voltage via the Andreev scattering, when electrons from the 
normal lead are converted into the Cooper pairs of supercon-
ductor reflecting the holes back to the same metallic electrode. 
Such spin-selective Andreev spectroscopy has been suggested 
for probing the vortices in topological superconductors [43, 
44] and it has recently provided evidence for the Majorana 
modes in Bi2Te3/NbSe2 [45].

Two normal quantum dots arranged in the same T-shape 
configuration (as shown in figure 1) have been earlier studied 
by us [46] and other groups [47–50]. These studies indicated 
that quantum interference effects are capable of probing an 
interplay between the electron paring (manifested by Andreev/
Shiba states) and the strong correlations. Here we extend the 
previous analysis [46], by considering the influence of side-
attached Majorana quasiparticle on the spin-resolved subgap 
spectrum of central QD and the transport properties. We show 
that Andreev transport would reveal interferometric line-
shapes driven by the Majorana quasiparticles. Furthermore, 
we discuss how such interferometric features combine with 
the Kondo effect that is manifested at the same zero-energy.

The paper is organized as follows. In section 2 we form-
ulate the microscopic model and study interferometric effects 
appearing in a subgap spectrum of the uncorrelated QD. Next, 
in section 3, we analyze the correlation effect for the Kondo 
regime. A summary and conclusions are listed in section 4. 
Some helpful technical details are presented in the appendices.

2. Formulation of the problem

Due to chiral properties the ends of topological supercon-
ducting wire, that host a pair of Majorana fermions, are spin 
polarized [51–53]. For this reason we assume that only one 
spin of the central quantum dot (QD) in the T-shape config-
uration (figure 1) is directly coupled to the Majorana quasi-
particle [54]. When both electrodes are conducting the spin 
↑ and  ↓  transport channels are independent, at least in the 
absence of the correlations [55]. This is however no longer 
true, if one (or both) lead(s) is (are) superconducting, because 
of the proximity effect which mixes the particle with hole 
degrees of freedom [56, 57]. In consequence, any physical 
process that engages electrons of a given spin simultaneously 
affects its opposite spin partner [58]. Such a mechanism will 
prove to be important when considering the quantum interfer-
ence driven by the side-coupled Majorana quasiparticle.

The previous study [46] indicated that electron pairing 
induced in the normal double quantum dot (DQD) on the inter-
face between the metallic and superconducting electrodes is 
characterized by two lineshapes: Fano-type resonance formed 
near the energy ε2 of the side-coupled quantum dot [59] and 
anti-Fano structure appearing at −ε2 [46]. These features are 
detectable in the subgap Andreev conductance. In the pre-
sent study we check whether similar effects appear when the 
central quantum dot is coupled to the Majorana quasiparticle, 
whose generic nature is related to only one spin (say ↑). For 
clarifying the interferometric lineshapes appearing in the spec-
trum of QD and the Andreev transport we briefly revisit the 
usual N-DQD-S heterostructure, imposing the spin polarized 
inter-dot hopping (appendix B). Such a consideration provides 
useful interpretation of the spin-dependent Fano and anti-Fano 
resonances.

2.1. Microscopic model

Tunneling structure, comprising the central QD embedded 
between the metallic and superconducting electrodes and side-
coupled to the topological nanowire with the edge Majorana 
quasiparticles (figure 1), can be described by the Anderson-
type Hamiltonian

∑= + + +
β

β
=

H H H H H .
S N

Tbath
,

, QD MQD (1)

The bath = +H H HN Sbath  consists of the metallic 
=HN   †ξ∑ σ σ σC Ck kN k N k N,  and superconducting =HS

†ξ∑ −σ σ σC Ck kS k S k S,  ∑ ∆ +↑ − ↓C C h.c.k k S k S( )† †  reservoirs, where 
electron energies ξ βk  are measured from the chemical potentials 
µβ. The central QD is described by †= ∑ +σ σ σ ↓ ↑εH d d Un nQD , 
where ε denotes the energy level and U stands for the repulsive 
interaction between opposite spin electrons. QD is hybridized 

with the external reservoirs by ( )†= ∑ +β σ β σ σβH V d C h.c.T k k k, , , 

where βVk  denote the matrix elements.

Figure 1. Schematic illustration of the quantum dot (QD) laterally 
coupled to the metallic (N) and superconducting (S) electrodes 
and additionally hybridized with the Rashba nanowire, hosting 
the Majorana quasiparticles 1η  and 2η  at its edges. Green arrows 
indicate possible tunneling routes of ↑ electrons and the red arrow 
corresponds to  ↓  electrons.
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Focusing on a subgap regime (i.e. energies ω| | ∆� ) it has 
been shown [60–62] that the superconducting electrode induces 
the static pairing. Its role can be thus played by the proximized 

quantum dot ( )† † †= ∑ + − +σ σ σ ↓ ↑
Γ

↑ ↓ ↓ ↑εH d d Un n d d d dprox 2
S . 

This simplification is fairly acceptable for our considerations 
of the spin-dependent subgap spectrum and the Andreev 
spectr oscopy. Low-energy theory of the Rashba nanowire can 
be expressed by [30]

( )†η η λ η η= + +↑ ↑εH d di ,mMQD 1 2 1 1 (2)

where the operators †η η=i i  describe the edge states and εm 
accounts for their overlap. It is convenient to represent the 
exotic Majorana operators η1, η2 by the standard fermionic 

ones [8] ( )†η = +f f1
1

2
, ( )†η = +− f fi

2 2
. In this representa-

tion the term (2) takes the following form

( )( )† † †⎜ ⎟
⎛
⎝

⎞
⎠= − + + +↑ ↑ εH t d d f f f f

1

2
,m mMQD (3)

where /λ=t 2m .

2.2. Scattering on Majorana quasiparticles

Let us denote the particle and hole Green’s functions of the cen-
tral QD coupled to the metallic and superconducting leads in 
the absence of the Majorana quasiparticle by ⟨⟨ ⟩⟩† ≡σ σ

−d d a; 1 
and ⟨⟨ ⟩⟩¯

†
¯ ≡σ σ

−d d b; 1. For the uncorrelated case (U  =  0) these 
functions read (B.2)

( / )
ω

ω
= − +

Γ
−

Γ

+ + Γε
ε

a i
2

2

i
,N S

2

2
N (4)

( / )
ω

ω
= + +

Γ
−

Γ

− + Γε
ε

b i
2

2

i
.N S

2

2
N (5)

Similarly, we denote the inverse particle and hole propaga-
tors of the isolated Majorana quasiparticle by ( )ω≡ − εm m  
and ( )ω≡ + εn m , respectively.

Using the equation  of motion approach (see appendix 
A) we calculated the Green’s function ( ) ⟨⟨ ⟩⟩†ω = Ψ Ψσ σ σG ;  
defined in the matrix notation ( )¯

† †Ψ =σ σ σd d f f, , , . For spin ↑ 
Green’s function reads

( )

( )

( )
/

( )

( ) ( )
( ) ( )

ω

ω ω

ω
ω

ω
=

− − −

− −
− + Γ

+ − − −

− − + +

− + − +

↑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

εG
W

bmn t D bmn t bnt bmt

D bmn t D bmn t Dbmt Dbnt

bnt Dbmt abn a b t t a b

bmt Dbnt a b t abm t a b

1

2 2

2
1

i 2
2

,

m m m m

m
N

m m m

m m m m

m m m m

2 2

2 2 2

2 2

2 2

 

(6)

where [ ( )]ω≡ − +W abmn t a b2 m
2  and ω≡ Γ + +εD 2S( / )/(  

Γi 2N/ ). In the same way, we also determined the matrix Green’s 

function ( )ω↓G . Below we present explicitly ( ) ⟨⟨ ⟩⟩( ) †ω =↓ ↓ ↓G d d;11  

which yields the spectral function of  ↓  electrons. It takes the 
following form

( ) ( ) [ ( )]
( )

( ) ω ω ω
ω

ω
= +

Γ −

− +↓G G G
amn t

abmn t a b2

2

2
.N

S
N

m

m

11 2
2

2
 (7)

( ) ⟨⟨ ⟩⟩†ω = σ σG d d;N  is Green’s function for the case when QD 
is coupled only to the metallic lead (i.e. for Γ = = t0S m).

Let us remark that differences between ( )ω↑G  and 
( )ω↓G  originate from the fact that only spin ↑ electrons 

are directly coupled to the Majorana mode. This differ-
ence vanishes for →t 0m  when σG

11 reproduce the result [62] 
obtained for the dot coupled only to N and S electrodes 

[ / ]→
( / )

/
ω= = − + Γ −

ω↓ ↑
Γ
+ + Γ

−εG G
ε

lim i 2t N0
11 11 2

i 2
1

m

S

N

2

. On the 

other hand, for ≠t 0m  in the absence of a superconducting 
electrode (Γ = 0S ) the solution for spin  ↓  electrons is iden-
tical with the solution for QD coupled only to normal metal, 
regardless of the coupling strength to TS wire. This is because 
spin  ↓  electrons are not affected by the side-coupled Majorana 
quasiparticle (so without electron pairing they do not ‘feel’ any 
interference). This result clearly indicates that the interference 
patterns appearing in the spectrum of  ↓  electrons originate 
solely from the pairing with electrons of the opposite spin.

2.3. Deviation from usual Fano shape

In figure  2 we illustrate the spectral function ( )ρ ωσ  of the 
central QD weakly coupled to the Majorana quasiparticle, in 
the case =ε 0m . Interference pattern appearing at ω = 0 in 
the spectral function ( )ρ ω↑  resembles a resonant lineshape. 
However, from a careful examination we clearly notice that it 
is not really the true Fano resonance (like the one for ↑ elec-
trons shown in figure B2). Such a line-shape indicates, that 
electron waves resonantly scattered by the Majorana quasipar-
ticle (to be regarded as half of the physical electron) change 
their phase only by the fraction of π (which is a typical value 
for scattering caused by the side-coupled ordinary quantum 
dots [59]). The mechanism responsible for this fractional 
interferometric feature has the same origin as π4 -periodicity 
of the Josephson junctions made of two ‘majoranized’ super-
conducting wires [3, 17, 19, 31, 63].

In Rashba nanowires of a finite length the Majorana quasi-
particles partly overlap with one another, inducing some energy 
splitting between the edge modes ( ≠ε 0m ). In figure  3 we 
show the interference patterns obtained for = Γεm N. Spectrum 
of the spin ↑ electrons reveals two fractional Fano-like reso-
nances (solid line in figure  3), whereas the spin  ↓  electrons 
are characterized by two anti-Fano features (dashed lines in 
figure  3) at the same energies. Let us emphasize, that such 
behavior is qualitatively different from the results for T-shape 
heterojunction with the ordinary quantum dot (figure B2). 

J. Phys.: Condens. Matter 29 (2017) 075603
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Interferometric effects could thus be useful for detecting the 
Majorana quasiparticles in the presence of electron pairing.

2.4. Evolution to ‘molecular’ region

The interferometric Fano-like structures displayed in figures 2 
and 3 occur when the central QD is very weakly coupled to 
the side-attached Majorana quasiparticle. Upon increasing the 
interdot coupling tm the nanoscopic (QD and MQD) objects 
can be expected to develop some new spectroscopic signa-
tures, characteristic for the entire ‘molecular’ complex.

Evolution of the spectral function ( )ρ ωσ  versus tm is pre-
sented in figure  4. For increasing tm we observe that two 
Andreev peaks (originating from the mixed particle and 
hole degrees of freedom [62]) and the Fano/anti-Fano line-
shapes (caused by the Majorana QD) gradually change into 
the three-peak structure. In both spin components we clearly 
see the emergence of the zero-energy peak at the expense 
of reducing the spectral weight of the initial Andreev states. 
Formation of the zero-energy peak signifies a ‘leakage’ of 
the Majorana quasiparticle into the central QD, in analogy 
to what has been discussed in [54]. In the present case such 

proximity induced zero-energy state affects both spin sec-
tors, despite the fact that MQD is directly coupled only to 
the spin ↑ electrons.

2.5. Majorana fingerprints in Andreev spectroscopy

Interference effects caused by the Majorana quasiparticle 
can be practically observed in our setup (figure 1) by mea-
suring the tunneling current under nonequilibrium condi-
tions µ µ≠N S. When applied voltage µ µ− ≡ eVN S  is smaller 
in magnitude than ∆ the charge current ( ) ( )= ∑I V I ViA Ai  
is contributed by spin ↑ ( ≡i 1) and spin  ↓  ( ≡i 2) electrons. 
The spin-dependent Andreev currents can be expressed in 
Landauer form

( ) ( ) [ ( ) ( )]∫ ω ω ω ω= − − +I V
e

h
T f eV f eVd ,Ai Ai (8)

where ( ) [ ( / )]= + −f x x k T1 exp B
1 is the Fermi distribution 

and transmittance for each spin sector

( )
⟨⟨ ⟩⟩  

⟨⟨ ⟩⟩  

⎧
⎨
⎪

⎩⎪
ω = Γ ×

=

=

↑ ↓

↓ ↑

T
d d i

d d i

; for 1

; for 2
NAi
2

2

2 (9)

describes a probability of converting the electron with spin σ 
into the hole with spin σ̄ in the metallic lead. The differential 
conductance ( ) ( )/=G V I V Vd dA A  is enhanced near the subgap 
(Andreev/Shiba) states [62], but it is also sensitive to any other 

Figure 2. Spectral function ( )ρ ωσ  of the central dot coupled 
to MQD for 0m =ε  using the model parameters 3S NΓ = Γ , 

0.5 N= − Γε ,t 0.3m N= Γ . We notice that the interference pattern (at 
0ω = ) for ↑ electrons is different from the usual Fano shape.

Figure 3. Spectrum of the QD hybridized with the overlapping 
Majorana quasiparticles. Calculations have been done for m N= Γε  
using the same model parameters as in figure 2.

Figure 4. Spectral function ( )ρ ωσ  of the central QD obtained 
for σ=↑ (upper panel) and σ=↓ (lower panel) electrons, using 

3S NΓ = Γ , 0m =ε  and various couplings tm, as indicated.

J. Phys.: Condens. Matter 29 (2017) 075603



J Barański et al

5

of the subgap features, including the quantum interference 
effects [46].

Figure 5 shows the spin-resolved Andreev transmittance 
( )ωTAi  obtained for =ε 0m  (upper panel) and = Γεm N (bottom 

panel). In the first case we observe the fractional resonance 
appearing for each spin sector at zero-bias (although of oppo-
site shapes). In the case ≠ε 0m  we notice two interferometric 
structures at =± εeV m. For spin ↑ sector there appears the 
pronounced resonance at = εeV m and another shallow struc-
ture at = −εeV m. The Andreev transmittance of  ↓  sector has 
an opposite shape, i.e. ( ) ( )ω ω= −T TA2 A1 . The spin-resolved 
Andreev transport could thus estimate the overlap εm between 
the edge modes of TS nanowire. For =ε 0m  such spectroscopy 
can distinguish the fractional interferometric lineshapes caused 
by the Majorana quasiparticle from the typical Fano/antiFano 
lineshapes due to the normal quantum dots (see appendix B).

3. Correlation effects

Since the interferometric feature caused by the side-attached 
Majorana quasiparticle shows up at the Fermi level (for the case 
=ε 0m ) it is natural to inspect its relationship with the Kondo 

effect, whose signature (narrow peak) appears at the same  
energy. The many-body Kondo effect occurs at low temper-
atures due to the effective exchange interaction induced 

between the QD and normal lead (N) electrons. Its subtle 
nature in a subgap regime has been addressed by a variety of 
methods (see the recent discussion [26, 27] and other refer-
ences cited therein).

3.1. Methodological details

In the present context we shall treat the correlations using the 
decoupling scheme for Green’s functions [46] that proved to 
be satisfactory on a qualitative level [64]. To account for the 
Kondo effect we start from the results obtained for the uncor-
related problem (section 2) and proceed with approximations 
for the electron–electron interactions. In the absence of the 
side-attached MQD, we again introduce the abbreviations for 
particle ⟨⟨ ⟩⟩ ˜† ≡σ σ

−d d a; 1 and hole ⟨⟨ ⟩⟩ ˜† ≡σ σ
−d d b; 1 propaga-

tors. Following our previous study [62] of the single quantum 
dot (N-QD-S) setup we approximate these propagators by

˜ ( ) ( / )
[ ( )]

ω ω
ω ω

= − −Σ +
Γ

+ + Σ − ∗ε
ε

a
2

,N
S

N

2

 (10)

˜ [ ( )] ( / )
( )

ω ω
ω ω

= + + Σ − +
Γ

− − Σ
∗ε

ε
b

2
,N

S

N

2

 (11)

where the selfenergy ( )ωΣN  accounts for the coupling of 
QD to the normal lead, taking into account the interactions 
between electrons ↓ ↑Un n .

We approximate ( )ωΣN  using the popular decoupling 
scheme for Green’s functions (discussed in appendix B of 
[46]) which yields

ω
ω ω
ω ω

ω ω ω

≡
− −Σ

=
− − − −Σ

− − − −Σ +
σ

Γ

ε
ε

ε ε

G

U n

U i U

1

1
,

N
N

3

3 2
N

˜ ( )
( )

( 〈 〉) ( )]
[ ][ ( )]

 
(12)

where

( )
( ) ( )

∑ω
ξ

ω ξ
ξ

ω ε ξ
Σ = | |

−
+
− − +

⎡

⎣
⎢

⎤

⎦
⎥V

f f

U 2
.

k
kN

kN

kN

kN

kN
3

2 (13)

Alternatively one can treat the correlation effects at the 
central quantum within more sophisticated methods [55].

Substituting the inverse Green’s functions (10) and (11) 
with the selfenergy ( )ωΣN  to the matrix Green’s function (6) 
we obtain

( )
˜

˜ω
ω

=
−

↑G
bmn t

W

2
,m11

2

 (14)

( ) ˜ ( ) ˜ ( ) ˜
˜

( ) ⎡
⎣⎢

⎤
⎦⎥ω ω ω

ω
= +

Γ −
↓G G G

amn t

W2

2
,N

S
N

m11
2 2

 (15)

where ˜ ˜ ˜ ( ˜ ˜)ω= − +W abmn t a b2 m
2 .

In our setup the correlated quantum dot is connected to 
the superconducting reservoir, which (by proximity effect) 
induces the on-dot electron pairing. On the other hand, the 
repulsive Coulomb interactions disfavor any double occu-
pancy, suppressing the local pairs. Even though the pairing 

Figure 5. The spin-resolved Andreev transmittance of the quantum 
dot strongly coupled to the superconducting lead 4S NΓ = Γ  and 
weakly hybridized with the side-attached Majorana quasiparticle 
t 0.3m N= Γ , where 0m =ε  (upper panel) and m N= Γε  (bottom panel). 
The red line refers to ↑ and the blue one to  ↓  spin sectors.
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and correlations are strongly antagonised one can find some 
regime of the model parameters, for which the Kondo physics 
coexists with the on-dot pairing [27] (the latter is necessary for 
activating the Andreev tunnelling that could probe the subgap 
states). This regime is particularly important if we want to 
confront the Kondo state with the interferometric structures 
due to side-attached Majorana quasiparticle.

Optimal conditions where the Kondo effect coexists with 
the on-dot pairing can be tuned by ε (that controls QD occu-
pancy) and the ratio between couplings to external electrodes 

/Γ ΓS N (that is crucial for the effective exchange potential [27]). 
For specific calculations we focus here on the strong Coulomb 
potential = ΓU 25 N and choose = − Γε 2 N. We have checked 
that in such a situation the Kondo effect coexists with the on-dot 
pairing for slightly asymmetric couplings ( )Γ ∈ Γ Γ2 , 6S N N . 
With this in mind, we thus fixed the ratio /Γ Γ = 4S N . In the 
absence of MQD (i.e. for N-QD-S configuration) the narrow 
Kondo peak at ω = 0 coexists then with the subgap Andreev 

quasiparticle peaks at ( / )ω≈± + Γε 2S
2 2  whose broadening 

(inverse life-time) is proportional to ΓN [62].

3.2. Majorana versus Kondo feature

Influence of the side-coupled Majorana quasiparticle on the 
spin-resolved spectral functions ( )ρ ωσ  of the correlated QD is 
illustrated in figures 6 and 7. The upper panels correspond to 
the case of overlapping Majorana modes = Γεm N. In analogy 
to the noninteracting situation (figure 3) we observe the frac-
tional Fano and anti-Fano lineshapes appearing at ω =±εm in 
the spectrum of spin ↑ and  ↓  electrons, respectively. For  ↓  elec-
trons we also notice that both anti-Fano resonances are much 
less pronounced as compared to U  =  0 case. This is a con-
sequence of the strong Coulomb interactions suppressing the 
on-dot pairing, that is indirectly responsible for the interfero-
metric structures in the spectrum of  ↓  electrons.

The most intriguing case occurs for =ε 0m , when the 
Kondo and interferometric structures coincide at exactly the 
same energy. Spectrum of ↑ electrons, that are directly cou-
pled to the Majorana quasiparticle clearly show the domi-
nant and destructive influence of the quantum interference on 
the Kondo state (see the bottom panel in figure 6, where the 
Kondo peak is completely washed out). As regards the spec-
trum of  ↓  electrons, the anti-Fano interferometric structure 
constructively combines with the Kondo peak, enhancing the 
zero-energy feature.

Scattering mechanism driven by the zero-energy Majorana 
quasiparticle side-attached to the correlated quantum dot 
has thus a very interesting effect on the Kondo state. For the 
spin ↑ sector (directly coupled to the Majorana quasiparticle) 
the ongoing quantum interference has destructive character. 
In other words, the fractional Fano-type resonance induced 
by the side-coupled Majorana quasiparticle is robust against 
the Kondo peak. In contrast, in the spin  ↓  sector (where 
electrons are not directly coupled to the Majorana quasipar-
ticle) the Kondo state is promoted by the quantum interfer-
ence. Such exotic spin-resolved quantum interference effects 
might be useful for experimental detection of the Majorana 

Figure 6. Spectral function ( )ρ ω  of the correlated QD obtained 
in the Kondo regime for ↑ electrons using 2 N= − Γε , U 25 N= Γ , 

4S NΓ = Γ , t 0.3m N= Γ . The upper panel refers to m N= Γε  and the 
bottom one to 0m =ε .

Figure 7. Spectral function of the spin  ↓  electrons obtained for the 
same set of model parameters as in figure 6.
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quasiparticle. From a physical point of view, this spin-resolved 
screening effects of the correlated quantum dot is due to the 
following mechanism: the spin ↑ electrons ‘leak’ into the side-
coupled Majorana structure (hence there is less spin ↑ to be 
screened), whereas the on-dot pairing compensates such loss 
by enhancing the density of  ↓  electrons whose screening is 
effectively pronounced.

Practical observation of the Majorana and Kondo sig-
natures would be feasible only indirectly, by measuring a 
differential conductance ( )/=G I V Vd dA A  of the net subgap 
current (8). Since both effects appear at zero energy, they 
should be manifested in the linear conductance (i.e. at 
V  =  0). In the absence of the side-attached Majorona quasi-
particle (blue line in figure 8) we indeed observe a zero-bias 
enhancement driven by the subgap Kondo effect, that has 
been reported experimentally by several groups [65–68]. 
For the case, when Majorana quasiparticle is side-coupled 
to the interracial QD (red line in figure 8) there appears the 
dip at V  =  0 instead of the previous enhancement. Such a 
destructive effect could thus distinguish between the Kondo 
and Majorana features. Furthermore, in realistic situation 
the magnetic field (which is necessary for inducing the zero-
energy mode of TS wire) would additionally split the Kondo 
resonance, shifting it from V  =  0. In the configuration dis-
cussed here the zero-bias dip caused by the Majorana quasi-
particle is hence robust against the eventual spectroscopic 
feature of the Kondo effect.

4. Summary

We studied interferometric structures induced by the Majorana 
quasiparticle side-coupled to the quantum dot on the interface 
between the superconducting and normal electrodes. Due to 
the superconducting proximity effect such lineshapes appear 
simultaneously in both spin sectors, even though only one of 
the spins is directly coupled to the Majorana state. For each 
spin component, however, they are manifested differently.

The subgap spectrum of ↑ electrons (directly coupled to 
the Majorana quasiparticle) is characterized by the fractional 

Fano-type lineshapes. Their fractionality is caused by the 
fact that Majorana quasiparticle is half of a true electronic 
state. On the other hand, the spectrum of opposite spin elec-
trons is characterized by anti-Fano lineshapes appearing at 
the same energies as for ↑ electrons. Such quantum interfer-
ence does effectively yield different (spin-resolved) Andreev 
transmittances.

We also confronted the spin-resolved interferometric fea-
tures with the Kondo effect (caused by the strong correla-
tions). We found that the side-coupled Majorana quasiparticle 
can either suppress or enhance the Kondo effect, depending 
on the spin orientation. Screening of electrons that are directly 
coupled to the Majorana quasiparticle is practically destroyed 
by the quantum interference, whereas for the opposite spin 
component reveals substantial enhancement of the Kondo 
peak. We hope that our results can stimulate experimental 
efforts to verify the spin-selective influence of the Majorana 
quasiparticles on the Kondo state.
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Appendix A. Derivation of Green’s functions

In this appendix we outline the procedure for determination 
of the matrix Green’s function (6). Starting from the model 
Hamiltonian (1) we consider the uncorrelated quantum dot 
U  =  0 coupled between the metallic (N) and superconducting 
(S) electrodes and additionally side-coupled to the edge of topo-
logical wire. In the deep subgap regime the superconducting 
electrode induces the static on-dot pairing and (1) simplifies to

∑= + +
Γ

+ +

+ − + + +
σ

σ σ↑ ↓ ↓ ↑

↑ ↑

ε

ε

H H H d d d d d d

t d d f f f f

2

1 2 .

N T N
S

m m

, ( )

( )( ) ( / )

† † †

† † †
 

(A.1)

Fourier transform of the retarded Green’s function  
can be computed from the equation  of motion ω =A B;〈〈 〉〉

++ −A B A H B, , ;〈[ ] 〉 〈〈[ ] 〉〉 where  ±  denote anticommutator/

commutator, respectively. The particle propagator ⟨⟨ ⟩⟩†
↑ ↑d d;  

for spin ↑ electrons of the central QD is mixed with the opera-
tors of TS wire and with the anomalous Green’s function

ω− +
Γ

= −
Γ

+ +

↑ ↑ ↓ ↑

↑

⎜ ⎟
⎛
⎝

⎞
⎠ε d d d d

t f f d

i
2

; 1
2

;

;

N S

m

〈〈 〉〉 〈〈 〉〉

〈〈( ) 〉〉

† † †

† †
 (A.2)

As  ↓  electrons are not directly coupled to TS wire the 

anomalous Green’s function ⟨⟨ ⟩⟩† †
↓ ↑d d;  does not generate any 

propagator containing f operators. Using EOM, it can be 
expressed via the hole propagator

Figure 8. Differential conductance GA of the subgap current (8) 
as a function of the applied voltage V for 1.5 N= − Γε , U 25 N= Γ , 

4S NΓ = Γ  and 0m =ε . The blue line corresponds to tm  =  0 and the 
red curve is obtained for t 0.5m N= Γ .
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⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩† † †⎜ ⎟
⎛
⎝

⎞
⎠ω+ +

Γ
= −
Γ

↓ ↑ ↑ ↑ε d d d di
2

;
2

;N S
 (A.3)

Using (A.3) we can rewrite equation (A.2) as

ω
ω

− +
Γ
−

Γ
+ + Γ

= + +

↑ ↑

↑ ↑

⎛
⎝
⎜

⎞
⎠
⎟ε

ε
i d d

t f d t f d

2

2

i 2
;

1 ; ; .

N S
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m m

2( / )
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〈〈 〉〉

〈〈 〉〉 〈〈 〉〉

†

† † †
 

(A.4)

We can notice that the expression in the bracket on left hand 
side is the inverse particle propagator for N-QD-S system in 
the absence of the TS wire. For brevity we denote it by symbol 
a, that is presented in equation (4).

The other Green’s functions, where †
σd  is mixed with f and 

†f  operators can be found from the EOM as

( )〈〈 〉〉 〈〈 〉〉 〈〈 〉〉† † † †ω− = −↑ ↑ ↑ ↑ ↑ε f d t d d t d d; ; ; ,m m m (A.5)

ω+ = −↑ ↑ ↑ ↑ ↑ε f d t d d t d d; ; ; .m m m( )〈〈 〉〉 〈〈 〉〉 〈〈 〉〉† † † † † (A.6)

Equations (A.5) and (A.6) generate the new anomalous 

function ⟨⟨ ⟩⟩† †
↑ ↑d d . We write down the equation of motion for 

this function

〈〈 〉〉 〈〈 〉〉

(〈〈 〉〉 〈〈 〉〉)

† † †

† † †

ω+ +
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=
Γ

− +

↑ ↑ ↓ ↑
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⎜ ⎟
⎛
⎝

⎞
⎠ε d d d d

t f d f d

i
2

;
2

;

; ;

N S

m

 
(A.7)

and determine the new function ⟨⟨ ⟩⟩†
↓ ↑d d;  as

⟨⟨ ⟩⟩ ⟨⟨ ⟩⟩† † †⎜ ⎟
⎛
⎝

⎞
⎠ω− +

Γ
=
Γ

↓ ↑ ↑ ↑ε d d d di
2

;
2

; .N S
 (A.8)

Now the propagator ⟨⟨ ⟩⟩† †
↑ ↑d d;  can be represented as

ω
ω

+ + Γ −
Γ
− + Γ

= − +

↑ ↑

↑ ↑

⎛
⎝
⎜

⎞
⎠
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i 2
2
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m

2

( )
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/
〈〈 〉〉

〈〈 〉〉 〈〈 〉〉

†

† † †
 

(A.9)

Expression appearing in a bracket on the left hand side is 
the inverse hole propagator of N-QD-S system without TS 
wire. We have denoted it by symbol b in the main text, that is 
explicitly given by equation (5).

Finally, we obtain the following set of equations

ω

ω

= + +

= − −

− = −

+ = −

↑ ↑ ↑ ↑

↑ ↑ ↑ ↑

↑ ↑ ↑ ↑ ↑

↑ ↑ ↑ ↑ ↑

ε
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a d d t f d t f d

b d d t f d t f d

f d t d d t d d

f d t d d t d d

; 1 ; ; ,
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; ; ; .

m m

m m

m m m

m m m

〈〈 〉〉 〈〈 〉〉 〈〈 〉〉

〈〈 〉〉 〈〈 〉〉 〈〈 〉〉

( )〈〈 〉〉 〈〈 〉〉 〈〈 〉〉

( )〈〈 〉〉 〈〈 〉〉 〈〈 〉〉

† † † †

† † † † †

† † † †

† † † † †

Using the abbreviations ( )ω≡ − εm m , ( )ω≡ + εn m  and 
denoting ( )ω≡ − +W abmn t a b2 m

2  these Green’s functions 
can be recast in the following matrix form

〈〈 〉〉 〈〈 〉〉

〈〈 〉〉 〈〈 〉〉

† †

† † † †
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−

↑ ↑ ↑

↑ ↑ ↑
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d d f d

f d d d W
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; ;

1 2

2 .
m m

m m

2

2
 (A.10)

The entire matrix presented in equation (6) can be obtained 
by solving 4 similar sets of the equations.

Appendix B. Spin-dependent coupling  
to normal QD

To distinguish the consequences caused by the fact that tun-
neling to the MQD involves only the spin ↑ electrons from 
other effects due to their specific Majorana-type nature we 
examine here the setup in which TS is replaced by the usual 
quantum dot (QD2)

→ ( )† †∑ ∑= + +
σ

σ σ
σ
σ σ σεH H d d t d d h.c. .QDMQD 2 2 2 22

 

(B.1)

Our previous study [46] of such normal double quantum 
dot (DQD) in the T-shape configuration has been done for the 
spin independent couplings =↑ ↓t t . Under such circumstances 
we have obtained the Fano and anti-Fano resonances, sche-
matically displayed in figure B1.

In this appendix we address the spin-polarized coupling 
≠↑ ↓t t , focusing on the limit of vanishing ↓t . Fourier transform 

of the retarded Green’s function for the uncorrelated central 
quantum dot is expressed by [46]

ω
ω

ω
ω
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N S
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〈〈 〉〉 〈〈 〉〉

†
¯

¯
† †

¯
†

¯ ¯

 (B.2)
where σ̄ is inverse spin to σ. For the weak identical cou-
plings =↑ ↓t t  the spectral function of central quantum dot 

( ) ⟨⟨ ⟩⟩†ρ ω π= −σ σ σ
− d dIm ;1  is characterized by two interfero-

metric structures at the QD2 level and on the opposite side of 
a Fermi level [46]. The feature at ω = ε2 has the usual Fano-
type resonant lineshape [59], whereas its companion at −ε2 
has anti-resonant (antiFano) shape. Obviously for =↑ ↓t t  the 
spectral functions ( )ρ ωσ  of both spins are identical.

When the tunneling of  ↓  electrons is forbidden ( =↓t 0), 
the toy model (B.1) is closely analogous to the original setup 
(figure 1) with only spin ↑ of the central quantum dot cou-
pled to TS wire. In such case there survives the single inter-
ferometric structure in each of the spectral functions ( )ρ ωσ . 
For ↑ electrons (directly coupled to the side-attached dot) we 
observe the Fano-type interference pattern at ε2 and for the 
opposite spin  ↓  electrons there appears the anti-Fano structure 
at ε− 2. This result can be understood if we anticipate that the 
anti-Fano feature is an indirect response of the spin ↑ elec-
trons. In other words, even though the spin  ↓  electrons are not 
directly coupled to the side-attached quantum dot, due to the 
induced local pairing they ‘feel’ a feedback from the opposite 
(↑) spin electrons.
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The upper panel in figure B2 illustrates the spin-resolved 
spectral functions of the uncorrelated central quantum dot 
asymmetrically coupled to the normal QD2 whose energy 
level is ≠ε 02 , where interferometric features appear either in 
the particle or hole regions. The bottom panel in figure  B2 
corresponds to the situation with =ε 02 . In this case the Fano 
and anti-Fano lineshapes appear at the same position what is 
partly similar to the case with Majorana quasiparticle.

Figure B3 shows the spectral function ( )ρ ωσ  obtained 
fairly below the Kondo temperature TK for spin ↑ (red line) 

and  ↓  (blue line) electrons. The approximation described in 
section 3.1 cannot reliably reproduce the low energy structure 
of the Kondo peak ⩾ω| | k TB K, therefore our results should be 
treated only qualitatively.

In the case when ε2 is far from the Kondo peak (top panel) 
we observe that the Fano-type resonance (seen in ( )ρ ω↑  at ε2) 
and its anti-Fano companion (present in ( )ρ ω↓  at −ε2) practi-
cally coexist with the zero-energy Kondo peak. The situation 
changes dramatically, when energy ε2 coincides with the Fermi 
level (bottom panel). In both spin sectors the Kondo peak is 
then completely destroyed by the interferometric lineshape. 

Figure B2. Spectral function ( )ρ ωσ  of the uncorrelated QD 
asymmetrically coupled (t 0.3 N= Γ↑ , t 0=↓ ) to the normal QD2. The 
solid (red) line refers to ↑ electrons and the dashed (blue) once to 
spin  ↓  electrons. The results are obtained for the model parameters 

3S NΓ = Γ , 0.5 N= − Γε  and 02 =ε . We notice the usual Fano-type 
pattern for ↑ electrons (directly coupled to QD) accompanied by the 
anti-Fano feedback for spin  ↓  electrons (due to the on-dot pairing). 
Top panel refers to 0.5 N2 = − Γε  and the bottom one to 02 =ε .

Figure B1. Schematic view of the Fano and anti-Fano interference 
patterns induced in the T-shape setup with both normal quantum 
dots for t t=↑ ↓.

Figure B3. Spectral function the correlated QD side-coupled to the 
normal QD2 obtained for 4S NΓ = Γ , U 15 N= Γ , k T 0.005 NB = Γ . The 
solid (blue) line refers to ↑ and the dashed (red) line to  ↓  electrons. 
Top panel refers to 0.5 N2 = Γε  and the bottom one to 02 =ε .

Figure C1. Schematic view of STM-type configuration, 
where transport can occur between the normal tip (N) and the 
superconducting (Sc) substrate via the central quantum dot (QD1) 
which is laterally coupled to another quantum dot (QD2). Both dots 
absorb the s-wave (trivial) pairing.
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This effect proves that the quantum interference is dominant, 
whenever it coincides with the Kondo peak. Let us notice that 
such tendency is distinct from the interferometric features 
induced by the Majorana quasiparticle (figures 6 and 7).

Appendix C. Influence of the trivially paired dot

In analogy to appendix B, we consider now the side-attached 
quantum dot QD2 characterized by the usual s-wave pairing. 
Physically such situation can be achieved in STM-type con-
figuration illustrated by figure C1. The charge transport would 
occur between the normal tip (N) and the superconducting 
lead (Sc) through the quantum dot (QD1) deposided on 
superconductor and laterally coupled to another quantum dot 
(QD2), that rests on the same superconducting substrate. This 
setup can be described by the model similar to (B.1) with the  
s-wave pairing imposed on QD2. Formally we use the following 
model = ∑ − + +∑ +σ σ σ σ σ σ

Γ
↑ ↓εH d d d d td dh.c. h.c.QD 2 2 2 2 2 2 1 2

S
2

2( ) ( )† † † † , 

where ΓS2 describes the effective coupling of QD2 to the s-
wave superconducting reservoir.

The key difference between the TS wire (that hosts the 
Majorana mode) and the QD2 (that absorbs the usual s-wave 
superconductivity) can be observed in the electronic spectra. 
Majorana quasiparticle emerges at ω = 0, whereas the fermi-
onic Shiba/Andreev states of QD2 are formed at finite ener-

gies ( / )ω =± + Γε 2S2
2

2
2 . Influence of QD2 on the subgap 

spectrum of the central QD1 is visible away from the Fermi 
level. Figure C2 presents the spectral function ( )ρ ω1  of QD1. 
As a matter of fact, its electronic spectrum qualitatively dif-
fers from the unique features due to Majorana quasiparticle, 
discussed in the main part of this work (see figure 2).
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