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1. Introduction

Recent development of the hybrid structures, comprising 
quantum dots (QDs) coupled the topologically supercon
ducting (SC) nanowires [1–4] provide new challenges going 
beyond mere observation of the Majorana bound states (MBS). 
Since energy levels of QDs in such hybrid systems are exper
imentally tunable one can inspect interplay of the topological 
states with the correlation effects and proximityinduced elec
tron pairing. Due to natural tendency of the Majorana modes 
to exist at boundaries of finite size systems, one may expect 
their leakage into any sideattached quantum dot (QD) [5] or 
more complex magnetic nanoislands [6].

It turns out, however, that efficiency of such process sub
stantially depends on various parameters. For instance, in a 
weak coupling limit the Majorana modes show up either by 
the constructive or destructive interferometric lineshapes 
[7]. True leakage of Majorana mode into nontopological 
region is possible only in strongly hybridized structures [3, 

8–11] as indeed reported experimentally [1–4]. But even 
under such conditions, leakage of the Majorana mode into 
the  sidecoupled QD region could be affected by additional 
effects, e.g. correlations. Influence of the Coulomb interac
tions (including the Kondoregime) has been so far exten
sively studied, considering the QDs embedded between the 
normal or ferromagn etic leads [12–17]. Here we address 
another issue, studying competition between the Coulomb 
repulsion and electron pairing induced in the correlated QD 
proximitized to SC substrate. In particular, we focus on the 
role of quantum phase trans ition from the spinless (BCSlike) 
to the spinful (singly occupied) configurations. We analyze 
whether the Majorana mode would be able to leak into such 
configurations of the QD.

The paper is organized as follows. We present the physical 
situation of our interest (section 2) and introduce the relevant 
microscopic model (section 3). Next, we consider leakage of the 
Majorana mode into the QD for the fully (section 4) and partly 
polarized (section 5) cases. Finally, we summarize the results 
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Abstract
We study quasiparticle spectrum of the correlated quantum dot (QD) deposited on 
superconducting (SC) substrate which is sidecoupled to the Rashba nanochain, hosting 
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attached nanowire. We inspect the spinselective relationship between the trivial Andreev 
states and the leaking Majorana mode, considering (i) perfectly polarized case, when tunneling 
of one spin component is completely prohibited, and (ii) another one when both spins are 
hybridized with the nanowire but with different couplings.
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(section 6) and in appendix we give a brief reminder about the 
singletdoubled transition in absence of the Majorana mode.

2. Physical setup

We consider the strongly correlated QD attached to the Rashba 
nanowire, both proximitized to the swave superconductor 
(SC). This setup (figure 1) could be realized in the scanning 
tunneling microscopy (STM) measurements, using Fe or Co 
nanoscopic chains on the SC Pb [18], Al or Re [4] substrates.

In realistic situations the spin–orbit coupling along with 
the Zeeman effect break spinrotational symmetry of the 
system. Such nanowire brought in contact with supercon
ductor develops the intersite pairing of parallel spins. They 
are ‘tilted’ with respect to zaxis, but one can project such 
pairing onto ↑ and ↓ components. For each of these sectors 
the intersitepairing is characterized by effective amplitudes, 
mainly dependent on the applied magnetic field [19].

Upon entering the topological phase, there appear two 
Majorana quasiparticles simultaneously in both spin chan
nels but with different spectral weights, what has been indeed 
reported in the STM measurements using a ferromagnetic tip 
[18]. Such issue has been recently addressed by several groups 
[11, 19, 20]. Klinovaja with coworkers [8] have shown that 
spin up and down tunneling amplitudes between MBSs and QD 
depend on the spin–orbit interaction length. Distance between 
the QD and topological nanowire determines oscillations of the 
tunneling amplitudes. By changing such dotnanowire distance 
or varying the magnetic field one can thus tune the hybrid system 
either to the fully or to the partly polarized tunneling regimes.

For perfect spin polarization of the QDchain tunneling 
(e.g. t↑ �= 0, t↓ = 0) one would expect signatures of the 
zeroenergy mode to appear only in one spin channel (for ↑ 
electrons). However, the proximity induced ondot pairing 
between opposite spins mixes both these channels. Some 
aspects of this situation have been addressed in [7, 21, 22]. 
Since leakage of the Majorana (zeroenergy) mode is sensi
tive to electronic states near the Fermi level, we would like to 
focus on crossing of the subggap (Andreev) states caused by 
competition between ondot pairing and Coulomb repulsion 
(which is spectroscopically manifested by the singletdoublet 
quantum phase transition). We show that signatures of the 
Majorana mode look completely different for both spin chan
nels. In our considerations we take into account the case of 
(i) perfectly polarized tunneling of only one spin component 
while the other one is completely prohibited and (ii) another 
case where both spin electrons can be tunnel transferred, but 
with different amplitudes.

3. Microscopic model

To inspect the mutual relationship between the Majorana mode 
and ingap features of the correlated QD we restrict our atten
tion to the limit of large energy gap ∆ of the SC reservoir. Under 
such conditions the single level QD is affected by the prox

imityinduced pairing. The proximitized QD is described by the 

Hamiltonian 
∑

σ εd
†
σdσ + Un↓n↑ +

ΓS
2 (d↑d↓ + d†

↓d†
↑), where 

local pairing is represented by the pair source/sink terms. We 
next consider its coupling to the Majorana zero mode (MZM) 
represented by 

∑
σ λσ

(
d†
ση1 + η1dσ

)
+ iεmη1η2. One can pro

vide the following reasoning for the spindependent hybridiza
tion λσ of QD electrons with the Majorana mode. Because of the 
Rashba and Zeeman interactions (operating in the nanoscopic 
chains proximitized to SC substrates) the spin σ does no longer 
represent a good quantum number and the resulting intersite 
pairing is simultaneously driven in ↑ and ↓ sectors, although 
with different magnitudes mainly dependent on the magnetic 
field. For this reason the Majorana endmodes (induced via the 
Kitaev type mechanism) partly overlap with both spin electrons 
of the sideattached QD. More quantitative description of this 
issue has been presented by one of us (TD) in [19].

In our approach we recast the selfhermitian opera

tors η†1,2 = η1,2 by their standard fermionic equivalents [23] 
η1 = 1√

2
( f + f †) and η2 = −i√

2
( f − f †). Effectively the low 

energy Hamiltonian can be expressed as

Heff
QD �

∑
σ

εd†
σdσ + Un↓n↑ +

ΓS

2
(d↑d↓ + d†

↓d†
↑)

+
∑
σ

tmσ(d†
σ − dσ)( f + f †) + εm

(
f †f +

1
2

)
.

 
(1)

We assume that both spin components (σ =↑, ↓) can be trans
ferred between dot and Majorana host and tmσ = λσ/

√
2 rep

resent the hopping integrals of such processes.
Our objective is to determine the Green’s functions 

G(ω) = 〈〈Ψ;Ψ†〉〉 defined in the Nambu matrix notation 
Ψ† = (d↑, d†

↑, d↓, d†
↓, f , f †). The equation of motion technique 

applied to noncorrelated problem yields

Figure 1. Schematic view of the correlated QD sidecoupled to 
the Rashba nanowire and both deposited on SC substrate, where 
topological SC nanowire hosts two Majorana endmodes η1 and η2.

Figure 2. Density of states for spin ↑ (left) and ↓ (right) electrons 
obtained for tm↑ = 0.6ΓS, tm↓ = 0 in absence of correlations 
(U  =  0).
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lim
U=0

G−1(ω) =




ω − ε+ iΓN/2 0 0 ΓS/2 −tm↑ −tm↑
0 ω + ε+ iΓN/2 −ΓS/2 0 tm↑ tm↑
0 −ΓS/2 ω − ε+ iΓN/2 0 −tm↓ −tm↓

ΓS/2 0 0 ω + ε+ iΓN/2 tm↓ tm↓
−tm↑ tm↑ −tm↓ tm↓ ω − εm 0
−tm↑ tm↑ −tm↓ tm↓ 0 ω + εm




.

 (2)
To account for the correlation effects one can numerically diagonalize 8 × 8 Hamiltonian matrix, determining the eigenenergies 
and transition elements between them. Another equivalent route can rely on the SC atomic limit solution [24], extending it to 
the present model

G−1(ω) =




G(ω) 0 0 F(ω) 0 0
0 −G∗(−ω) F∗(−ω) 0 0 0
0 F∗(−ω) G(ω) 0 0 0

F(ω) 0 0 −G∗(−ω) 0 0
0 0 0 0 1

ω−εm
0

0 0 0 0 0 1
ω+εm




−1

−




0 0 0 0 tm↑ tm↑
0 0 0 0 −tm↑ −tm↑
0 0 0 0 tm↓ tm↓
0 0 0 0 −tm↓ −tm↓

tm↑ −tm↑ tm↓ −tm↓ 0 0
tm↑ −tm↑ tm↓ −tm↓ 0 0




 (3)
where

G(ω) =
αs u2

d

ω −
(U

2 + Ed
) +

αs v2
d

ω +
(U

2 + Ed
)

+
βs v2

d

ω −
(U

2 − Ed
) +

βs u2
d

ω +
(U

2 − Ed
) ,

 

(4)

F(ω) =
αs udvd

ω −
(U

2 + Ed
) − αs udvd

ω +
(U

2 + Ed
)

− βs udvd

ω −
(U

2 − Ed
) +

βs udvd

ω +
(U

2 − Ed
) ,

 

(5)

with the energy Ed =
√
(ε+ U/2)2 + (ΓS/2)2 , the usual 

BCStype coefficients u2
d = 1

2

[
1 + ε+U/2

Ed

]
= 1 − v2

d and the 

relative spectral weights

αs =
eβU/2 + e−βEd

2eβU/2 + e−βEd + eβEd
= 1 − βs. (6)

In what follows we shall explore the quasiparticle spectrum 
of the correlated QD, assuming that the topological nanowire 
is long enough so that any overlap between the endmodes is 
negligible (εm � 0).

4. Fully polarized case

Let us first consider the fully spinpolarized case when tun
neling of one spin component, say ↓, is totally prohibited. This 
situation could occur for very strong magnetic fields applied 
along the topological nanowire. We show that combined effect 
of MZM leakage and proximity induced pairing give rise to 
zero modes apparent in energy spectrum of both spin comp
onents even if tunneling rate of one spin is turned off. We 
inspect the influence of these zero states on the characteristic 
features of a phase transition from the BCSlike singlet state 
(S  =  0) to the correlationdominated doublet configuration. 

We show that even though zero modes appear in both spin 
channels, each of them have completely different character.

When a QD or other nanoobject is tunnel coupled to the 
Rashba chain hosting Majorana particles some part of these 
zeroenergy modes can be transferred to QD region. In con
sequence, the spectral function of QD reveals additional 
feature pinned to the Fermi level. For the perfectly polar
ized tunneling amplitude (tm↓ = 0 and tm↑ �= 0) one would 
expect such effect to modify only the spectral function of the 
directly coupled spin component [12, 13, 16, 17]. However, 
due to the SC proximity effect the electrons (say ↑) leaking 
from nanochain into QD region are bound into local pairs with 
their opposite spin (↓) partners [7, 22]. Thereby, the Majorana 
mode becomes apparent in the energy spectrum of electrons 
for which the direct tunneling to nanochain is prohibited. 
This feature in ↓ spin sector, however, should be considered 
merely as a SC response for the leaking Majorana mode of the 
directly coupled spin ↑. Different nature of these zeroenergy 
states is evident, both for the uncorrelated case (figure 2) and 
in a behavior of the Andreev states of the correlated QD near 
a quantum phase transition from the BCStype singlet to the 
correlation driven doublet state (figure 3). These spectra are 
obtained at temperature T = 0.1ΓS.

4.1. Energy spectrum of uncorrelated QD

Let us focus first on the noncorrelated case, U  =  0. By 
inspecting the matrix Green’s function (2) in the limit ΓN → 0 
we notice that it is characterized by five poles: zeroenergy 
state, two Andreev bound states at ±

√
ε2 + (ΓS/2)2 and 

another two ‘molecular’ states ±
√
ε2 + (ΓS/2)2 + (2tm↑)2 , 

resulting from hybridization of the Andreev bound states with 
the Rashba chain [7]. In figure 2 we visualize qualitative dif
ferences between the spectral weights of ↑ and ↓ spin sectors 
obtained in the strong coupling limit t↑ = 0.6ΓS.

J. Phys.: Condens. Matter 32 (2020) 025302
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In the spectrum of ↑ electrons we observe the well pro
nounced zeroenergy mode directly leaking from the prox
imitized Rashba chain in much the same fashion as initially 
predicted for the QD attached to the Kitaev wire [5]. Contrary 
to that, the opposite spin electrons are not directly coupled 
to the chain therefore zeroenergy mode emerges as a conse
quence of the local pairing. Some tiny Majorana mode shows 
up in this ↓ spin sector only when the QD energy ε is close to 
the Fermi level, otherwise it quickly fades away.

Furthermore, one can notice a small dip in the zeroenergy 
signature of spin ↑ electrons appearing near ε = 0. This 
comes from destructive feedback effect when the original 
QD level coincides with Majorana mode. Such destructive 
interference pattern has been described by our group [7, 22]. 
We have pointed out that even when spectral weight of the 
zeroenergy mode in spectrum of directly coupled spins is 
suppressed, the zeroenergy mode in opposite spin channel 
would be enhanced. As the QDchain tunneling amplitude 
of spin ↓ electrons is turned off, spin ↓ electrons do not take 
part in destructive interference. Consequently in the left panel 
of figure  3 we observe well shaped zero mode. It is worth 
noticing that spectral weights of original Andreev states 
(±

√
ε2 + (ΓS/2)2) in spectrum of ↑ electrons are reduced 

in comparison with the molecular ones. Contrary to that, for 
electrons with prohibited dotchain tunneling we observe that 
pure Andreev states are dominant.

4.2. Majorana near singlet-doublet crossover

We shall now discuss the correlation effects, driven by the 
Coulomb repulsion U. In absence of the Rashba nanowire 
upon varying the ratio U/ΓS there appear the regular 
Andreev bound states at ±[U/2 −

√
(ε+ U/2)2 + (ΓS/2)2] 

which eventually cross each other at the singletdoublet (see 
appendix for an explanation of this quantum phase transition). 
Proximity induced zeroenergy feature in the spin ↓ sector does 
not affect significantly this characteristic crossing, because it 
does not originate directly from the leaking Majorana mode. 
The strong Coulomb repulsion disfavors ondot pairing, there
fore upon increasing U/ΓS also the side effects of the local 
pairing are gradually suppressed. One of them is the zero
energy mode appearing in the spectrum of spin ↓ electrons, 
originating solely from electron pairing. For this reason, upon 
traversing the singletdoublet quantum phase transition the 
zeroenergy mode of spin ↓ electrons is gradually washed out 
from the strongly correlated regime (see right bottom lower 
panel in figure 3).

In the case of spin ↑ electrons the spectrum looks com
pletely different. Upon increasing the correlations strength the 
ABS states are split and form the molecular branches. These 
new states no longer cross each other. Approaching the singlet
doublet transition we observe emergence of the zeroenergy 
state (directly leaking from the Rashba nanochain) while the 

Figure 3. Density of states for spin ↑ (upper panel) and ↓ (bottom panel) electrons obtained for tm↑ = 0.3ΓS, tm↓ = 0 and U/ΓS = 0 (left 
panel), U/ΓS = 1 (middle panel), U/ΓS = 3.5 (right panel). Following [25] we denote by ξd = ε− U/2.

J. Phys.: Condens. Matter 32 (2020) 025302
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molecular Andreev states repel one another instead of the 
regular crossing (shown in figure A1). Such avoidedcrossing 
behavior (see the upper right panel in figure 3) can be regarded 
as additional signature, of the proximity induced Majorana 
mode that repels the ‘trivial’ (finiteenergy) Andreev states. 
This result generalizes the previously discussed topological/
nontopological different nature of the bound states in hybrid 
structures comprising the uncorrelated QDs attached to the 
topological SC wires hosting the Majorana modes [3, 8–11]. 
We hope that empirical detection would be feasible using the 
spinpolarized STM measurements and varying the level ε of 
correlated QD by the gate potential.

5. Partial spin-polarization

Theoretical studies indicate that for specific conditions, it 
would be possible to achieve nearly perfectly spin polarized 
tunneling between the QD and chain [8]. However in realistic 
experimental setups both spin electrons can be transferred, 
although with substantially different tunneling amplitudes. 
In this subsection we briefly address such partially polarized 
case. Spinresolved STM measurements [18] of the differ
ential conductance obtained for Featom chain deposited on 
the SC Pbsubstrate using the ferromagnetic tip have revealed 
substantial magnetic polarization of the Majorana modes dif
fering nearly 3times between ↑ and ↓ components, respec
tively. Motivated by these empirical data, we assume in our 
approach the tunneling rate tm↓ = 0.1ΓS being three times 
weaker than the coupling tm↑ = 0.3ΓS.

Figure 4 compares the density of states of each spin elec
trons in the noncorrelated (left panels) and strongly correlated 
regime (right panels), respectively. In the strongly correlated 

limit we can practically observe a convolution of the features 
typical for each spin sectors of the fully polarized case. Yet 
one can clearly resolve the avoided-crossing behavior in the 
dominant ↑ spin coupling channel with the well pronounced 
Majorana mode separating them. Spectrum of the opposite 
spin sector, on the other hand, is predominantly reminiscent 
of the continuous Andreev band state branches with only very 
residual signatures of the zeroenergy modes. Correlations 
could thus be very useful for distinguishing the qualitatively 
different character of the spinpolarized spectra of the QD.

6. Summary

We have studied the energy and spindependent spectra of the 
proximitized correlated QD attached to the topologically SC 
nanochain, hosting the Majorana endmodes. We have ana
lyzed influence of the correlations (responsible for a quantum 
phase transition from the spinless BCStype to the spinful 
configuration) on efficiency of the Majorana mode leakage. 
Our study predicts that the zeroenergy states might appear 
in both spin sectors (due to the SC proximity effect), however 
their spectroscopic signatures are going to be qualitatively 
different. The spin channel which is directly coupled to the 
Majorana mode is characterized by (a) the well separated 
Andreev branches (of an avoidedcrossing behavior) coex
isting with (b) the zeroenergy feature of a sizable spectral 
weight. The other spin sector, which is not directly coupled 
to the Majorana mode, in the strongly correlated limit is char
acterized by the continuous Andreev branches, traversing the 
zero energy without any trace of the leaking Majorana mode. 
Such spin sector can eventually allow the Majorana mode 
to appear but only in the weak correlation regime, when the 
proximitized QD stays in the BCStype configuration.

Correlations can hence be very beneficial for the spin
selective leakage of the Majorona modes onto the correlated 
QDs. Such effects would be detectable, e.g. using the polar
ized STM measurement analogous to those already reported 
in [18]. Another interesting realization of unique features of 
the leaking Majorana mode near the singletdoublet quantum 
phase transition could be possible when the correlated QD 
is sandwiched between two SC leads. In such geometry the 
Majorana is expected to induce 0 − π transition [26–29], and 
this in turn would be easily observable by the reversal of d.c. 
Josephson current.
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Appendix. Quantum phase transition in absence  
of Majorana mode

For illustration of the singletdoublet phase transition let us 
briefly recall the results for the proximitized and correlated 
QD in absence of the Rashba chain. To determine the trivial 
Andreev states in presence of the correlation effects we focus 
on the exact solution in the SC atomic limit, when the prox
imitized QD is described by the Hamiltonian [30]

Hprox
QD =

∑
σ

εd†
σdσ + Un↓n↑ +

(
∆d†

↓d†
↑ + h.c.

)

 (A.1)
with the pairing potential ∆ = ΓS/2. The eigenstates of this 
simple problem (A.1) are represented either by the spinful 
configurations |σ〉 with eigenenergy ε, or the spinless (BCS
type) states [25, 31]

|BCS−〉 = ud|0〉 − vd| ↑↓〉, (A.2)

|BCS+〉 = vd|0〉+ ud| ↑↓〉 (A.3)

with eigenenergies

E∓ =

(
ε+

U
2

)
∓

√(
ε+

U
2

)2

+∆2 (A.4)

and the diagonalizing coefficients

u2
d, v2

d =
1
2


1 ± ε+ U/2√

(ε+ U/2)2
+∆2


 . (A.5)

Using the spectral Lehmann representation we can apply these 
eigenvectors |j〉 and eigenvalues Ej  to construct the Fourier 
transforms of the retarded Green’s functions

〈〈A; B〉〉ω =
1
Z

∑
i,j

e−βEi + e−βEj

ω + Ei − Ej
〈 j|A|i〉 〈i|B|j〉 (A.6)

with the partition function Z =
∑4

j=1 e−βEj and inverse 

temper ature β = (kBT)−1. Since in our case the particle and 
hole degrees of freedom are mixed with one another (via pairing 

terms) we need both, the normal G(ω) = 〈〈d↑; d†
↑〉〉ω+i0+ 

and the anomalous F(ω) = 〈〈d↑; d↓〉〉ω+i0+ propagators. 
Computing the matrix elements for the creation and anni

hilation operators 〈i|d(†)
σ |j〉 we finally obtain the Green’s 

functions presented in equations  (4) and (5). The effec
tive quasiparticle excitations (in absence of the Majorana 
mode) can be inferred from the (normal) spectral function 
ρ(ω) = − 1

π ImG(ω + i0+) which for representative values 
of the Coulomb potential is displayed in figure A1. In gen
eral we can notice four branches of the quasiparticle excita
tion at energies ±U/2 ±

√
(ε+ U/2)2 +∆2 . Two of them 

±
(

U/2 −
√

(ε+ U/2)2 +∆2
)
 can be regarded as the low

energy excitations, while the other ones (shifted from them by 
U) represent the highenergy features that in realistic systems 
are usually pushed to a continuum existing outside the subgap 
regime (because U is typically much larger than ∆).

Additionally, we can also use the offdiagonal spec
tral function ρoff(ω) = − 1

π ImF(ω + i0+) which brings 

information about the induced order parameter 〈d↓d↑〉 =  ∫∞
−∞ dωρoff(ω)

[
1 + eβω

]−1. In particular it has been shown 

[25], that crossings of the Andreev quasiparticle coincide with 
abrupt changes, both of the magnitude and sign of 〈d↓d↑〉 
(hence the name ‘0 − π’ transition). For the weak correlation 

Figure A1. Spectral function ρ(ω) of the correlated QD as a 
function of the energy ξd = ε+ U/2 obtained at low temperature 
T = 0.1ΓS in the ‘superconducting atomic limit’ ΓN → 0+ for 
U  =  0 (upper panel) U = ΓS (middle panel), U = 2ΓS (bottom 
panel).
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limit U < ΓS the ground state is represented by the singlet 
configuration in entire range of the QD level ε. In such case, 
the density of states consists of only two Andreev bound states 
branches separated by the pairing gap (figure A1). For stronger 
correlations U, these subgap branches approach each other and 
they eventually cross at the singletdoublet phase boundaries. 
The critical interaction corresponding to such transition at the 
half filling is U = ΓS (see the middle panel in figure A1). In 
the doublet regime (U > ΓS), the subgap Andreev branches 
always cross each other at some energy ε (bottom panel in 
figure A1). The border line of such singletdoublet (or 0 − π) 
transition is thus dependent on the Coulomb potential U and 
the QD level ε [25].

In presence of the Majorana mode (in section 4) we noticed, 
that the states appearing in spin ↓ electron spectrum exhibit 
similar behavior (see bottom panels in figure 3). Presence of 
the zeroenergy state in this spin channel did not affect signifi
cantly the characteristics of the singletdoublet transition. In 
contrast, for spins directly coupled to nanochain, we note the 
qualitatively different avoided-crossing behavior.
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