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We investigate charge tunneling through the strongly correlated quantum dot placed between the metallic and
superconducting leads. For small voltages |V | ≤ ∆/e applied across the junction the current is transmitted by the
anomalous mechanism of the Andreev reflections. Such transport is sensitive to the strong Coulomb interactions
which can be responsible for the charging effect and, at low temperatures, for appearance of the Kondo resonance.
We analyze their signatures in the differential Andreev conductance.
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1. Introduction

The recent development of nanotechnology enables
a controllable manipulation of a hybridization between
electrons on the small size islands (where the quantum
effects play a remarkable role) and the external reservoirs
of itinerant charge carriers. In this paper we investigate
such single “quantum dot” (QD) located between the
metallic and superconducting electrodes. This situation
can be explored under non-equilibrium conditions apply-
ing the source–drain voltage which triggers the charge
tunneling. At low bias the subgap current is transmit-
ted solely through the Andreev reflections [1] and these in
turn are sensitive to the QD spectrum as well as the prox-
imity effect [2–5]. We shall discuss the effective spectrum
of the strongly correlated quantum dot. Furthermore,
we consider the optimal conditions for observation of the
zero-bias feature induced in the differential conductance
by the Kondo resonance when spin of the quantum dot
is screened by electrons of the metallic lead.

2. Microscopic model and the methodology

To describe the strongly correlated quantum dot
placed between the normal (N) and superconducting (S)
electrodes we use the Anderson model

Ĥ = ĤN + ĤS +
∑

σ

εdd̂
†
σd̂σ + Un̂d↑n̂d↓

+
∑

k,σ

∑

β=N,S

(
Vkβ d̂†σ ĉkσβ + h.c.

)
, (1)

where dσ (d†σ) are the annihilation (creation) operators
for electron of spin σ and the energy level εd. The
on-dot repulsion between opposite spin electrons is de-
noted by U and the last term is a hybridization of the

QD and external leads. As usual, we describe the metal-
lic lead by ĤN =

∑
k,σ ξkNĉ†kσNĉkσN while the supercon-

ducting one is taken in the BCS form

ĤS =
∑

k,σ

ξkSĉ†kσSĉkσS

−
∑

k

∆
(
ĉ†k↑Sĉ†−k↓S + ĉ−k↓Sĉk↑S

)

with ξkβ = εkβ − µβ . External voltage V detunes the
chemical potentials by µN = µS + eV .

Effective spectrum of the QD can be determined
considering the retarded Green function G(τ) =
〈〈Ψ̂(τ); Ψ̂ †〉〉 defined in the Nambu representation Ψ̂ † =
(d̂†↑, d̂↓), Ψ̂ = (Ψ̂ †)†. For simplicity we focus on the situ-
ation when the energy level εd is located deep inside the
gap of superconductor, i.e. |ω| ¿ ∆. The Dyson equa-
tion simplifies then to [6, 7]:

G(ω)−1 =

(
ω − εd 0

0 ω + εd

)

−
(

0 1
2ΓS

1
2ΓS 0

)
−

(
ΣN(ω) 0

0 Σ∗
N(−ω)

)
, (2)

where Γβ = 2π
∑

k |Vkβ |2δ(ω−ξkβ). The second term on
the right hand side of (2) comes from hybridization of the
QD with the superconducting lead and is responsible for
the proximity effect, i.e. for a non-vanishing expectation
value 〈d̂↓d̂↑〉. The last term in (2) represents a contri-
bution to the self-energy from the normal lead. In the
extreme limit ∆ →∞ it has been shown analytically [6]
that such matrix has a diagonal structure for arbitrary U .

Neglecting the correlations one can obtain the ex-
act solution ΣN(ω) = −iΓN/2. Effective spectrum
of the QD consists then of two Lorentzian peaks at

(86)
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Ed = ±
√

ε2
d + ∆2

d (where ∆d = ΓS/2) and their spectral
weights are given by the BCS coefficients 1

2 [1± εd/Ed].
Effect of the Coulomb interactions has been studied by a

number of approximate techniques (see e.g. Ref. [8] for a
recent review). In the present work we impose the ansatz
based on the equation of motion study [9]:

ω − εd − ΣN(ω) =
[ω − εd − Σ0(ω)] {ω − εd − [U + Σ0(ω) + Σ3(ω)]}+ UΣ1(ω)]

ω − εd − [Σ0(ω) + Σ3(ω) + U(1− nd,σ)]
, (3)

where

Σν(ω) =
∑

k

|VkN|2
(

1
ω − ξkN

+
1

ω − U − 2εd + ξkN

)

[f(ω, T )]
3−ν
2 (4)

and nd,σ = 〈d̂†σd̂σ〉, f(ω, T ) = [1 + exp(ω/T )]−1. This
approach (3) has a virtue to capture the following main
aspects of the Coulomb interactions: (a) the charging
effect and (b) appearance of the Kondo resonance at low
temperatures.

Fig. 1. Spectral function ρd(ω) for the strongly corre-
lated quantum dot in the Kondo regime for ΓN = ΓS/2,
εd = −ΓS/2, U = 5ΓS, T = 10−4ΓS and ∆ →∞ assum-
ing the equilibrium conditions (V = 0).

Figure 1 illustrates the spectrum of QD in equilib-
rium situation (V = 0) for the Kondo regime assum-
ing the energy level located slightly below the Fermi en-
ergy εd = −ΓS/2 and U = 5ΓS. We can notice that
effective spectrum is formed in a vicinity of two atomic
levels εd and 2εd + U corresponding to the singly and
doubly occupied QD configurations. These states have
roughly the Lorentzian shapes and their broadening is
given by a coupling to the normal lead ΓN (we consider
here the limit of large ∆ therefore the superconducting
lead does not contribute any broadening [10]). On top
of this atomic-like spectrum we observe appearance of
the low energy superstructure due to: (i) the particle–
hole splitting induced by the proximity effect [6, 7, 11],
and (ii) the narrow Kondo resonance at ω = 0 caused
by the antiferromagnetic coupling between QD and elec-
trons of the metallic lead [2–5]. The first effect is thus
inherited from the superconducting lead while the latter
one comes solely from the on-dot correlations supported
by the metallic lead electrons. Both effects compete with

one another in much the same way as magnetism com-
petes with isotropic singlet superconductivity in the solid
state physics. This important issue is discussed by us in
more detail elsewhere [12].

Applying external bias V between the electrodes in-
duces the charge current

I(V ) = −e
d
dt
〈
∑

k,σ

ĉ†kσNĉkσN〉.

In the present case we focus on small voltages |eV | ¿ ∆,
when the charge is transmitted only by the mechanism
of the Andreev reflections [1]. Such anomalous current
can be expressed by the following formula [4, 10]:

IA(V ) =
2e

h

∫
dωΓ 2

N

∣∣G12(ω + i0+)
∣∣2

× [f(ω + eV, T )− f(ω − eV, T )] . (5)
At low temperatures the differential conductance
GA(V ) = d

dV IA(V ) is proportional to the off-diagonal
part of the matrix Green function — it is hence useful
for studying the interplay between the particle–hole split-
ting and the Kondo effect.

Fig. 2. (a) Andreev conductance GA(V ) for the same
set of parameters as used in Fig. 1. (b) The zero-bias
Andreev conductance versus the coupling ratio ΓS/ΓN

computed at low temperature T = 10−4ΓS.

In the left hand side part of Fig. 2 we show the Andreev
conductance obtained above the Kondo temperature TK

(the thin dashed curve corresponds to T = 100TK) and in
the Kondo regime (the thick solid line). We notice that
in both cases there appear two flat maxima at eV = ±∆d

because of the particle–hole splitting. Furthermore, the
low temperature Kondo resonance affects the Andreev
current by increasing the zero-voltage conductance [11].
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To determine optimal conditions for the zero-bias en-
hancement caused by the Kondo effect we have explored
numerically GA(0) versus the ratio ΓS/ΓN. The results
shown in Fig. 2b indicate that such situation occurs for
ΓS ∼ ΓN. We hope that our finding would stimulate some
further experimental search either confirming or invali-
dating the presence of such zero-bias feature in N–QD–S
junctions. So far there have been reported the indica-
tions for the zero-bias anomaly in S–QD–S junctions but
there this effect probably originates from the Josephson
current [13].

3. Conclusions

We have considered the correlated quantum dot lo-
cated between the metallic and superconducting elec-
trodes. The on-dot Coulomb interactions are responsible
for the charging effect and, at sufficiently low tempera-
tures, lead to appearance of the Kondo resonance. The
latter effect originates from screening of the QD spin by
mobile electrons from the metallic electrode. The low
voltage (subgap) Andreev conductance is found to show
the unique zero-bias feature related to the Kondo effect.
The magnitude of zero-bias enhancement is optimal for
ΓS ∼ ΓN. Upon increasing ΓS the particle–hole splitting
takes over and the QD is driven to the mixed valence
regime suppressing the zero-bias anomaly.
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