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The signature of superfluidity in bosonic systems is a sound-wave-like spectrum of the single particle
excitations which in the case of strong interactions is roughly temperature independent. In Fermionic systems,
where Fermion pairing arises as a resonance phenomenon between free Fermions and paired Fermionic states
(examples are: the atomic gases®hf or “%K controlled by a Feshbach resonance, polaronic systems in the
intermediary coupling regimeaj-wave hole pairing in the strongly correlated Hubbard sygteemnants of
such superfluid characteristics are expected to be visible in the normal state. The single particle excitations
maintain a sound-wave-like structure for wave vectors above a ceptai(T) where they practically coincide
there with the spectrum of the superfluid phaseTetr T.. Upon approaching the transition from above this
region inqg space extends down to small momenta, except for a narrow region ageuhdhere such modes
change into damped free particle like excitations.
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[. INTRODUCTION sometimes, in real systems, the crossover can be tuned ex-
perimentally. An example for such scenarios are Many Po-
Approaching the transition to a superconducting or supertaron systems in the intermediary coupling regime where
fluid state from above, one camnder certain conditions free itinerant electrons engage in a resonant scattering pro-
observe incipient macroscopic features which are caused hygess with weakly bound bipolaronic states when their respec-
the emergence of an order parameter. In classical supercotive energy difference is smadlThis leads to long lived elec-
ductors such features, related to spatial order parameter flutron pairs which ultimately can condensate. An other
tuations, are restricted to only an extremely narrow temperaexample, now widely studied in the literature in connection
ture region around the superconducting critical temperaturevith their condensatioh,are gases of Fermionic atomic
T., and in practice are hard to detect. Such fluctuations how¢such aLi and “% atoms which can be brought into such
ever are visible in systems with real space pairing or, moreesonant Fermionic pair states via a so called Feshbach reso-
generally, when the overlap between the pair wave functionaance mechanistrwhich involves hyperfine spin—flip pro-
is small and we are in the crossover regime between a BC8esses between the nuclear and the electronic spins of the
type superfluidity of Cooperons and a superfluid phase oftoms together with their molecular counterparts. Finally,
tightly bound Fermions which behave as bosons. Remnantsiso in the highly debated scenarios for the high temperature
of superfluidity, sometimes termeldcalized superfluidity  superconductorsHTSC) resonant pairing betweettwave
above T, have been observédn the form of finite range holes has been invoked. It has been suggested that such pair-
phase correlations in purely bosonic systems such as liquithg arises from an exchange between itinerant holes and
“He in porous media of vicors and aerogels, with a charachound hole pairs in plaquette RVB states on finite clusters.
teristic disorder and confinement. Similar features have been In all those systems resonant pairing leads to long lived
seen for Fermionic systems such #4e in aerogeand electron pairs which ultimately are driven into a superfluid
superconducting heterostructufeSolution to the theoretical phase. Furthermore such systems are characterized by
guestions raised in this connection lies in a formulation castrongly interdependent dynamics of single- and two-particle
pable of describing on equal footing a BCS-type superconexcitations which, upon approaching and passing through the
ductivity in a system of weakly coupled Fermions and asuperconducting phase transition, simultaneously undergo
Bose-Einstein condensatigiBEC) of strongly bound Fer- qualitative changes. Thus, the opening of a pseudogap in the
mion pairs. Early attempts to do that go go back to the worksingle particle spectrum, whel, is approached from above,
of Leggett and Nozieres and Schmitt-Rihkand rely on  occurs concomitantly with a changeover from single particle
crossover scenarios where electron pairing is given by somEermionic transport to one ensured by bosonic molecular
unspecified effective attraction between them. entities!® The observed transient Meissner effécand a
Fermionic systems where the binding between Fermionslernst effect? in the normal phase in HTSC can be consid-
comes about from an exchange interaction between free itirered to be signatures of that. In the atomic gases the physics
erant Fermions and two-Fermion bound states, present a difs more involved because of the strong inhomogeneous char-
ferent scenario to examine the crossover regime betweenaxter of those trapped gases, leading to radial and axial
BCS-type superfluidity and a condensed states of tightlyoreathing modés instead of the usual sound-wave- like ex-
bound pairs. Such systems have moreover the advantage tlitation spectrum known in translational invariant homoge-
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neous superfluids. Nevertheless, corresponding manifestati@mange with coupling strength Tuning the value o, one
of superfluid fluctuations in the normal state should also bean cover the whole regime between Cooper pairs and lo-
expected in those systems. cally bound pairs and their corresponding condensed phases.
In this paper we will analyze the moleculgand/or Such a BFM(1) has been introduced originally in solid
Fermion-paiy excitation spectrum of such a general class ofstate theory many years ago, in an attempt to describe the
systems which can be described in terms of resonating paisituation of intermediary electron-lattice couplifigind has
of Fermions and discuss how, on a finite length scale, supebeen intensively studied over the last decade, mainly in con-
fluid phase fluctuations can emerge upon approaching nection with the pseudogap phenomenon in the HTSC. As
from above. We restrict ourselves here to the study of homoshown recently/ this model does indeed capture the
geneous systems, leaving the more complex structures to lvesonant-type scattering between Fermions due to the Fesh-
expected for remnant collective modes in inhomogeneoubach mechanism and has been widely studied in connection
atomic gases in optical traps to a future work. The simplestwith several issues of the atomic gas superfluitfity.
and generally adopted approach to study such systems, is on Our main objective here is to study the two-Fermion dy-
the basis of a phenomenological Boson—Fermion model. namical correlation functions when tliketuningr from the
Pairing in such a model can be viewed as the Andreevesonance is small, thus putting ourselves in the center of the
scattering processes between itinerant carriers and bosorgcossover regime between a superfluid ground state of BCS
bound pairs on small clusters. One then is faced on one hargharacteristics and one corresponding to tightly bound Fer-
with local intracluster phase correlations between pairs omion pairs of bosonic character. The Green’s function de-
itinerant Fermions and Bosonic bound Fermion pairs and oscribing the Fermion pairscPa(q,w) is related to the
the other hand with nonlocal intercluster phasesingle particle boson propagator Vvia®(q,w)=Gg(q,®)
correlationst**° The first ones play the role of local density +v°GE(q, w)GP¥(q, w)GE(q, w), where Gg(q,w):[w—Eq
fluctuations and the second ones of effective intersite Joseph-2,]-1. This implies that the excitation energies of the bound
son coupling. This physics, which is an intrinsic ingredientmolecules and Fermionic diatomic pairs adentical Only

of the various representative examples cited above anghe spectral weights differ as can be seen from the relation
which are effectively realized in nature, is qualitatively dif- petween their spectral functions, L8P, ) =v 20— Eq

ferent from that of the standard crossover scenarios based arp,)2 AB(q, w). It is thus sufficient to determine one of these
effective attractive interparticle interactions. It leads to fea«,nctions in order to derive the excitation spectra for both.
tures such as superfluid—insulator transitions, and lets one

envisage the possibility of normal state bose metals and ex- . THE PROCEDURE

otic elementary as well as collective excitations which re-

main to be fully explored’ The interdependence between the single- and two-particle

correlations is required to treat them on equal footings. For
that purpose we employ a continuous renormalization group
Il. THE MODEL proceduré® which, through a set of infinitesimal canonical
_ _ o transformations, reduces the initial Hamiltonidn to an es-
The following boson Fermion mod€BFM) Hamiltonian  gentially diagonalizable form, containing the relevant physics

for resonant pairing which we want to describe, plus additional terms which can
be treated as small perturbations. Contrary to standard renor-
- + T
H ‘kE 8|<Ckvcl«r+vk2 (bgCq-k Cki + h.C) malization group techniques, where one integrates out the
7 . high energy states and subsequently derives an effective low
+ > (Eq+ zy)b;bq_ (1)  energy Hamiltonian, in this method both, the high and low
q energy sectors, are renormalized and kept throughout the

is currently employed in studies of the abovementioned s sWhOIe transformation process.
y employ YS™ The specific construction of such a procedure for the

t .
tehms_. Tlhe otperatorskg(ck,,t) ((j:o.rresptuont?], accordlng.rtlc_)l the BFM was given previousls? where also the single particle
physical system we are studying, fo he creaannihila- spectrum of the Fermionic atoms, pointing to Bogoliubov-
tion) of either free electrons, or free itinerant holons or Fer-j, - o itations below as well as aboe was studied! We

mionic atoms in one of two possible hyperfine configura- .

. . v _ apply here this procedure for the study of the boson spectral
tions, denoted.symk-)ohcally by=1 "’?”d‘f—l- The energy, ._function. In the course of diagonalizing the Hamiltonian, the
of those Fermions is measured with respect to the chemic bson operators evolve toward a form given by

potential u. Correspondinglyb;(bq) refer to bound diatomic
molecules of bosonic charactéither localized bipolarons, ~ = 1o =t _ Nt

i = + —= ks = .
or bound hole pairs on plaquette RVB states or weakly bound by = Aqbq V’N% BaiCiciCq-ki» By = (bg) 2
pairs of atoms in a triplet configuratiprhaving an energi, o o
being measured with respect tou2 The parameter 2  The two complex coefficients appearing in E8) are calcu-
:Eq:o‘ZSkF (wherekg is the Fermi momentumdenotes the lated in the limit of the convergence of the renormalization
difference in energy of the weakly bound Fermion pairs andlow procedure lim...A4(1)=Aq and lim_..Bq(1)=B,
the single Fermion scattering statesv i small, pairing will  wherel denotes the continuous flow parameter. We base our-
be introduced among the uncorrelated fermions via resoselves on the general relations which describe the evolution
nance scattering, tantamount to a Boson-Fermion pair exef operators!
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do(h/dl=[7(1),0()] (3 021 inc. background
with 7 being judiciously choséfl as 01— E
q
1 0
()= =2 e p()(c) el by —h.c), (4) |
Y W& k,p U &1 Sk Bp+k 5 \
and () =[e(1)*+ep(1)~Erp(D o p(1).2°  Coefficients ~02|  incoherent background
Aq(l) andBg(l) satisfy the renormalization equations 0 0.1 0.2 0.3 04 05
dAq(h) _ 1 FIG. 1. The characteristi d oBlg=vlq| of th
—_— = —2 ay gk (D i gk Bak (. (5) 5. 1. The characteristic sound-wave mog=v|q| of the
dl s long-lived boson and/or Fermion pair excitation spectrum in the
superfluid state aT=0. The shaded regions show the incoherent
dB, (1) background, which is energetically separated from the collective
k. o AL (6)  excitation branch. Ag=0 the incoherent background exists for en-
k.g-k SR ; . - .
d ergies larger thanuyg (twice the value of the single particle Fer-
with the initial condition 0)=1, B, (0)=0, andf, .=1 mion gap. We used the following dispersiong=-D/2 cogalk|)
F $44(0) ak(0) k.p andE,=-D/4 coga|q|) such that the magsg=2me and the poten-

F
This procedure leads finally to the following form of the
spectral function for the bosonic molecules

tial v=0.1D. We further set the lattice constaat1 and use the
bandwidthD as a unit for energies.

coupling limit of interacting bose gasésvas found, show-

ing a sound velocity being little dependent on temperature as
one traverses the superfluid transition, but whose spectral
X 8w =8 —Eq). (7)  weight in the boson single particle spectral function disap-

. . . N pears upon approaching.

The first term of Eq(7) desSrlbes long-lived quasmargcles Such sound Wave—li-lg modes are not realized in charged
with the renormalized enerdy,*® and whose spectral weight gyperconducting systems because of the long range Coulomb
is |4q4/2 The second term describes the incoherent backinteraction which pushes them up to the generally huge
ground extending over the region determined by the renorplasma frequenc$. For electrically neutral atoms, such as
malized Fermion energi€s,.’° From Egs.(5) and (6) we the trapped atomic gases, this is no longer the case and hence
derive the following sum rule};tq|2+ 1/N2k|Eq,k|2fk,q—k:1 one can realistically expect coIIt_ac;tive sound—w:_alve—like
which correctly preserves the total spectral weightmodes, although appropriately modified due to the inhomo-

- ~ 1 ~
AB(q,w) = |Aq|25(w - Eq) + N% fk,q—k|Bq,k‘2

ffwdeB(q,w)z([bq,bg]):l. geneous structure of the gas denéity.
IV. THE PAIR EXCITATION SPECTRUM BELOW T, V. THE PAIR EXCITATION SPECTRUM ABOVE T
At a certain critical temperatur€, the static pair suscep- ~ Decreasing the temperature in the normal state below a

tibility i /5d7e™(c} (D] | (1)CqopCppw -0 bECOMeS di-  CertainT* (>Te) one expects precursor pairing effects which
vergent forq=0 and, due to the Thouless criterion, the sys-Show up in the single particle Fermionic excitations spec-
tem undergoes a phase transition to a superfluid state. F§im in the form of a pseudogap which opens up near the
T<T, two order parameters appear which are proportional t¢hemical potentiat?~2?Above T* the low energy part of the
each other,yg=(c_; c,;) for the Fermions angg=(b,)  Pair excitations has the usual parabolic dispersion. However,
for the bosongatom molecules upon decreasing the temperature'a'nd approac‘funghase
Near the Fermi energy, the single particle Fermionic eX_coherence gradugll_y sets inon a flnl_te Ien_gth_ and time scale,
citations become gape@i=sgre,} (sx)2+ (Vxa)2. In con- which becomes visible in form of a linear indispersion of
sequence, no Fermionic states, neither coherent nor incohéP—e single bosomespgcnvely, Fermion pa)nexcnauqn for
ent, exist within the energy windowo|<wvyxg.?* This smallq vectors, in an intervaldmin(T) . amafT)] (see Fig. 2

simultaneously affects the incoherent part of bosonic speclNere. the derivative of the effective Bose single particle

trum, as can be seen from Eg). For the long wavelength energy spectrundE,/dq shows a flat portion, which, when
limit q— 0 the incoherent background is pushed up to enerextrapolated toq=0, practically coincides with the corre-
gies |o|>2vys and thus permits long-lived excitations, sponding quantity in the superfluid phaseTat0. We ob-
which correspond to collective modes, knownfiast sound — serve that, as the temperature is decreaggd,T) decreases
for interacting bosonic systems in the superfluid stase  toward zero, but always leaving a small intervalgrspace
Fig. 1). The temperature dependence of these modes has plé*dmin(T)] where one clearly observes a free particle like
viously been studied for this BF# in the superfluid phase spectrum with an effective mass which decreased ae-
within a framework of the dielectric formalism with use of creases. This is in accordance with an earlier study on this
the Ward identities, currently employed in the theory of in-subject using self-consistent perturbation theédrfor T
teracting bose gases. A behavior similar to that of the strongs T* the coherent boson mode overlaps with an incoherent
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FIG. 2. Comparison of the dispersicﬁa of the coherent part of

the boson spectral function at temperatures corresponding to the 1t

superfluid (T=0), pseudogag0.007, 0.01 and the normal phase La . 0.2n
aboveT* (0.02. Upper panel shows the derivatidé,/dq of these />~ o

curves. The insets contain correspondingly: the low momergum . W =0

limit of the dispersionﬁq and the temperature dependence of "\/
chemical potentialthe marked points correspond to four tempera-
turesT=0.02, 0.01, 0.007, and 0 chosen in this work

-1

. . . . -C‘L2 0 0:2 0:4 ®
background in the single particle boson spectral functiee

Fig. 3, bottom panel However, upon decreasing the tem- g1, 3. The boson spectral functi@®(q, w) for the low energy
perature to belowl™*, we observe that this incoherent back- pair excitations. The upper panel correspondsTt0.007 being
ground moves away from the position of the coherent conclose toT, in the pseudogap regigh* >T>T,. The bottom panel
tribution (upper panel of Fig. Bwhich ensures that a linear refers to the normal stat€=0.02 (above T*). In the pseudogap

in g branch of the boson spectrum is well defined in thephase a propagating coherent contribution given by&fienction
corresponding interval off vectors. This strongly suggests peak and an incoherent background, given by the shaded regions,
that remnants of the first sound still can exist as part of theyet separated above some relatively small critical momerjym
single particle boson spectrum above the superfluid phasghis is no longer the case far>T*.

transition for a limited region of wave vectors due to a per-

sistence of superfluid phase correlations abbyven a finite

length and time scale. collective sound-wave mode which abolgexists in a finite
momentum interval gn,in(T) ,qmad T)]. Upon decreasing the
VI. CONCLUSIONS temperature the long-lived branch of the pair spectrum

. o o gradually splits off from the incoherent backgrouqgpper
We studied the qualitative changes of the excitation specyanel in Fig. 3 and spreads over a wider and wider momen-
trum for the resonant Fermion pairs which occur upon varyy,m region, withg,,,(T) steadily decreasing as we approach
ing the temperature. We found that quantum fluctuations pla . We note however that invariably the lineargmlispersion

a crucial role when detunlr]g from the Feshpach resonance changes into a damped free particle like behavior in the close
is small. Fluctuations manifest themselves in the pseudogap

. Vicinity of q=0.
regimeT* >T>T..
Far aboveT, the off-diagonal long range order is not es- . The sound-wave mode has been so far measured algove

tablished. The pair excitation spectrum for snepitectors is " the liquid helium by ultrasonic techniquésas well as by
then characterized by a parabolic bransee Fig. 2 and neutrpn _scatterlng measuremehtx_a.the case_of the trapped
overlaps with the incoherent backgroukgee the bottom Fermlomc. atoms thel corresponding m(_)dfe is expected to be
panel of Fig. 3 such as to effectively destroy any bosonic cOmpressional density waves and, similar to the present
quasiparticle features. study, one should expect remnants of those modes in the
This situation changes dramatically when the temperatur8ormal state. In principle, such modes can be experimentally
drops belowT* where resonant pairing sets in. Phase correchecked by the Bragg spectroscdpyndirect methods for
lations start to build up on a finite spatial and temporal scaleletecting the collective modes which rely on measuring the
as the temperature decreases and approdcttfédhe single  magnetic susceptibility and density—density correlation func-
particle Fermion spectrum reveals then a partial suppressidions have been discusséalthough only forT <T,) in Ref.
of states(pseudogaparound the Fermi enerdf;??which is ~ 29. In some future work we shall discuss how collective
accompanied by qualitative changes in the pair excitatioormodes can possibly be observed in measurements of the
spectrum. Quantum fluctuations lead to emergence of thmagnetic susceptibility in the pseudogap regime abQve
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