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Quantum impurity (dot) coupled to a superconducting reservoir

is a bit confused ...

The reasons :

⇒ there are no available states at the Fermi level, and

⇒ QD absorbs a pairing (which competes with the Kondo physics).
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Quantum impurity (dot) coupled to a superconducting reservoir

is a bit confused ...

This viewpoint appeared on July 2 nd, 2013.



Quantum impurity coupled to

a superconducting medium



Schematic picture



Schematic picture

εd

εd+U

S

ΓS

µ



Schematic picture

εd

εd+U

S

ΓS

µ

ΓS(ω) = 2π
∑

k |Vk|
2δ(ω − εk) ← hybridization coupling
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Microscopic model Anderson-type Hamiltonian

The quantum impurity (dot)

ĤQD =
∑

σ

ǫd d̂†
σ d̂σ + U n̂d↑ n̂d↓

hybridized with a superconductor

Ĥ =
∑

σ

ǫdd̂†
σd̂σ + U n̂d↑ n̂d↓ + ĤS

+
∑

k,σ

(

Vk d̂†
σĉkσ + V ∗

k ĉ†
kσd̂σ

)

where

ĤS =
∑

k,σ (εk−µ) ĉ†
kσĉkσ −

∑

k

(

∆ĉ†
k↑ ĉ†

k↓+h.c.

)
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Appearance of the in-gap resonances (Andreev bound states)

J. Barański and T. Domański, J. Phys.: Condens. Matter (2013), in print.
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J. Barański and T. Domański, J. Phys.: Condens. Matter (2013), in print.



Uncorrelated QD – the exactly solvable Ud = 0 case
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Influence of the correlations – singlet/doublet configurations

In a subgap regime |ω| ≪ ∆ the quantum dot is effectively described by

ĤQD =
∑

σ

ǫd d̂†
σ d̂σ + Ud n̂d↑n̂d↓ −

(

∆d d̂†
↑d̂†

↓ + h.c.

)

where the induced on-dot pairing gap is ∆d = ΓS/2.

Eigen-states of this problem are represented by:

|↑〉 and |↓〉 ⇐ doublet states (spin 1
2

)

u |0〉 − v |↑↓〉

v |0〉 + u |↑↓〉







⇐ singlet states (spin 0)

There can occur doublet-singlet quantum phase transition by varrying εd, Ud or ΓS .
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Correlated quantum dot – exact solution for ΓS ≫ ∆

Subgap spectrum vs energy ω and ξd = εd + 1
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Physical situation N-QD-S scheme

To probe the subgap states one can study the electron transpor t through a quantum

dot (QD) coupled between the normal (N) and superconducting ( S) electrodes

V = µN - µS

N S
QD

ΓN ΓS

VG

metallic lead QD superconductor

This setup can be thought of as a particular version of the SET .
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Andreev spectroscopy – experimental realization # 1

QD : self-assembled InAs

diameter ∼ 100 nm

backgate : Si-doped GaAs

Tc ≃ 1K

∆ ≃ 152µeV

R.S. Deacon et al, Phys. Rev. Lett. 104, 076805 (2010).
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Andreev spectroscopy – experimental realization # 2

QD : semiconducting InAs/InP nanowire

S : vanadium

N : gold

∆ ≃ 0.55meV U ≃ 3 − 10∆

S. Di Franceschi and coworkers, arXiv:1302.2611 (2013).
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Andreev spectroscopy – experimental realization # 3

QD : carbon nanotube

S : aluminum

U ≃ 2 meV

∆ ≃ 0.15meV

J.-D. Pillet, R. Žitko, and M.F. Goffman, Phys. Rev. B 88, 045101 (2013).
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Andreev spectroscopy – experimental realizations

Andreev spectroscopy is a valuable tool also for studying

the cuprate superconductors.
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S. Pilgram et al, Phys. Rev. Lett. 97, 117003 (2006).

In such STM configuration the apex oxygen plays a role analogo us

to the QD in the N-QD-S setup.
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Physical situation – energy spectrum

Components of the N-QD-S heterostructure have the following spe ctra

εd

εd+U

N S
QD

ΓN ΓS

µSµN

External bias eV = µN −µS induces the current(s) through QD.
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Ĥ =
∑

σ

ǫdd̂†
σd̂σ + U n̂d↑ n̂d↓ + ĤN + ĤS
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Microscopic model

The correlation effects

ĤQD =
∑

σ

ǫd d̂†
σ d̂σ + U n̂d↑ n̂d↓

are expected to affect the transport properties of the syste m

Ĥ =
∑

σ

ǫdd̂†
σd̂σ + U n̂d↑ n̂d↓ + ĤN + ĤS

+
∑

k,σ

∑

β=N,S

(

Vkβ d̂†
σĉkσβ + V ∗

kβ ĉ†
kσ,βd̂σ

)

where

ĤS =
∑

k,σ (εk,S −µS) ĉ†
kσS ĉkσS −

∑

k

(

∆ĉ†
k↑S ĉ†

k↓S+h.c.

)
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Formal aspects

To describe an interplay between the proximity effect and elec tron correlations

we have to determine the matrix Green’s function (Nambu repres entation)

Gd(τ, τ ′)=−
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Its Fourier transform obeys the Dyson equation

Gd(ω)−1 =





ω − εd 0

0 ω + εd



 − Σ0
d(ω) − ΣU

d (ω)

where

ΣU
d (ω) correction due to U 6= 0.
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NRG J. Bauer et al, (2008)

f-RG C. Karrasch, A. Oguri, and V. Meden, (2008)



Theoretical background: a list of applied techniques

EOM R. Fazio and R. Raimondi (1998)

slave bosons P. Schwab and R. Raimondi (1999)

NCA A.A. Clerk, V. Ambegaokar, and S. Hershfield (2000)

IPT J.C. Cuevas, A. Levy Yeyati, and A. Martin-Rodero (2001)

constrained sb M. Krawiec and K.I. Wysoki ński (2004)
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Non-equilibrium phenomena

Steady current JL = −JR consists of two contributions

J(V ) = J1(V ) + JA(V ).

which can be expressed by the Landauer-type formula

J1(V ) =
2e

h

∫

dω T1(ω) [f(ω+eV, T )−f(ω, T )]

JA(V ) =
2e

h

∫

dω TA(ω) [f(ω+eV, T )−f(ω−eV, T )]

with the transmittance

TA(ω) = Γ2
N |G12(ω)|

2
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Relevant problems : issue # 1

Hybridization of QD with the metallic electrode:

⋆ broadens the QD levels

⋆ induces the Kondo resonance below TK .
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/ interplay between the Kondo effect and superconductivity /
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Qualitative features in the differential conductance G(V ) = ∂J(V )
∂V
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We shall now focus on the subgap Andreev conductance.
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Spectral function obtained below TK for U =10ΓN
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Spectral function obtained below TK for U =10ΓN
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Spectral function obtained below TK for U =10ΓN
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Spectral function obtained below TK for U =10ΓN
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Andreev conductance GA(V ) for: U = 10ΓN
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Andreev conductance GA(V ) for: U = 10ΓN
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Andreev conductance GA(V ) for: U = 10ΓN
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Andreev conductance GA(V ) for: U = 10ΓN
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Andreev conductance GA(V ) for: U = 10ΓN

T. Domański and A. Donabidowicz, PRB 78, 073105 (2008).

eV / ΓN

ΓS/ΓN
 0

 0.1

 0.2

 0.3

GA(V)  [ 4e2/h ]

ΓS / ΓN = 8

-10 -5  0  5  10

 2

 4

 6

 8

Kondo resonance slightly enhances the zero-bias

Andreev conductance, especially for ΓS ∼ ΓN !
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Interplay with the Kondo effect

R.S. Deacon et al, Phys. Rev. B 81, 121308(R) (2010).

”The zero-bias

conductance peak

is consistent with

Andreev transport

enhanced by the

Kondo singlet state”

”We note that

the feature exhibits

excellent qualitative

agreement with

a recent theoretical

treatment by

Domanski et al”
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Direct vs crossed Andreev reflections three terminal junction
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S – superconducting electrode

Kondo effect inverts a sign of the CAR conductance GR/L

G. Michałek, B.R. Bułka, T. Domański, and K.I. WYsokiński, Phys. Rev. B (2013) in print.
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Further related topics – Cooper pair splitters

Cooper pairs are depaired by the quantum dots ( quantum forks).

Entanglement of thus released electrons is yet preserved !

L. Hofstetter, S. Csonka, J. Nygård, C. Schönenberger, Nature 461, 960 (2009).

J. Schindele, A. Baumgartner, C. Schönenberger, Phys. Rev. Lett. 109, 157002 (2012).
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Majorana-type fermions in hybrid normal–superconducting rings

Ph. Jacquod and M. Büttiker, arXiv:1306.6343 (preprint).
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⇒ absorbs the superconducting order / proximity effect /
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Interplay between the proximity and correlation effects
shows up in a subgap Andreev transport by:

⇒ particle-hole splitting / when εd ∼ µS /

⇒ zero-bias enhancement / below TK /

http://kft.umcs.lublin.pl/doman/lectures


