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OUTLINE

1. Superconductivity in nanostructures:

? electron pairing / due to proximity effect /

? in-gap quasiparticles / Andreev (Shiba) states /

2. Interplay with correlations:

? quantum phase transition / parity crossing /

? spin exchange interaction / Andreev vs Kondo /

? bottom-up engineering / poor man’s Majorana /
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MICROSCOPIC DESCRIPTION

Let us consider the Anderson-type quantum impurity (dot)

ĤQD =
∑
σ

εd d̂†σ d̂σ + Ud n̂d↑ n̂d↓

coupled to bulk superconductor

Ĥ = ĤQD + ĤS +
∑
k,σ

(
Vk d̂†σĉkσ + V∗k ĉ†kσd̂σ

)
described by the BCS model

ĤS =
∑
k,σ

(εk−µ) ĉ†kσĉkσ −
∑

k

(
∆ĉ†k↑ ĉ†k↓+h.c.

)



UNCORRELATED QUANTUM DOT

Spectrum ρd(ω) of uncorrelated QD [ where ΓS = 2π|VkF |
2ρs(εF) ]
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In-gap (Andreev/Shiba) bound states appear:
⇒ in pairs,
⇒ symmetrically

around µ.



Pairing vs Coulomb repulsion



PAIRING VS CORRELATIONS

Quantum dot proximitized to superconductor can described by

ĤQD =
∑
σ

εd d̂†σ d̂σ + Ud n̂d↑ n̂d↓ + V̂QD−S + ĤS

Eigen-states of this problem are represented by:

|↑〉 and |↓〉 ⇐ doublet states (spin 1
2 )

u |0〉 − v |↑↓〉
v |0〉+ u |↑↓〉

}
⇐ singlet states (spin 0)

Upon varying the ratio εd/Ud or ΓS/Ud the doublet-singlet

transition can be induced between these ground states.



QUANTUM PHASE TRANSITION

Singlet-doublet (quantum phase) transition: NRG results

ξd ≡ εd−U/2
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J. Bauer, A. Oguri & A.C. Hewson, J. Phys.: Condens. Matter 19, 486211 (2007).



SINGLET VS DOUBLET: EXPERIMENT

Differential conductance vs source-drain bias Vsd (vertical axis)

and gate potential Vp (horizontal axis) measured for various ΓS/U

U � Γs U ≥ Γs U < Γs

J. Estrada Saldaña, A. Vekris, V. Sosnovtseva, T. Kanne, P. Krogstrup,

K. Grove-Rasmussen and J. Nygård, Commun. Phys. 3, 125 (2020).

Crossings of in-gap states correspond to the singlet-doublet QPT.
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EMPIRICAL DETECTION OF IN-GAP SATES

Subgap states can be probed by measuring the charge transport

through a quantum dot (QD) coupled between the normal (N) and

superconducting (S) electrodes

V = µN - µS

N S

QD
ΓN ΓS

VG

Inside the pairing gap the current is due to electron-to-hole scattering.



CANONICAL TRANSFORMATION

N-QD-S junction can be described by

Ĥ = ĤN + V̂N−QD + ĤQD + V̂QD−S + ĤS︸ ︷︷ ︸
Ĥprox

QD

where ĤQD + V̂QD−S + ĤS can be treated as

Ĥprox
QD =

∑
σ

εd d̂†σ d̂σ + Ud n̂d↑ n̂d↓−
(
ΓS d̂†↑ d̂†↓ + h.c.

)
We used canonical transformation to eliminate V̂N−QD,

deriving the effective model

Ĥeff = ĤN −
∑
k,p

Jk,p
~̂Sk,p

ˆ·~Sd + Ĥprox
QD

with the exchange interaction Jk,p



KONDO EFFECT VS PAIRING

In particular, for the half-filled QD (εd = −Ud/2) we obtain

lim
k,p→kF

Jk,p =
−4Ud|VkF |2

U2
d − Γ2

S

which diverges upon aproaching the parity crossing

 0

 0.5

 1

ΓS / Ud
ω / Ud

A(ω)

 0.6
 0.8

 1
 1.2

 1.4-0.3
-0.2

-0.1
0

0.1
0.2

0.3



NONPERTURBATIVE RESULTS

Similar results for the half-filled QD (εd = −Ud/2) have been also

obtained by NRG calculations (using Ljubljana code)

T. Domański, I. Weymann, M. Barańska & G. Górski, Scientific Reports 6, 23336 (2016).



SUBGAP KONDO EFFECT

Kondo temperature estimated from the canonical transformation

TK ' 0.3
√

ΓNUd exp
[
πεd(εd+Ud)+(ΓS/2)2

ΓN Ud

]
is consistent with NRG

Conclusion:

Kondo temperature TK is amplified by on-dot pairing !

T. Domański, I. Weymann, M. Barańska & G. Górski, Scientific Reports 6, 23336 (2016).



Dynamical phase transition

[ in time-domain ]
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GENERAL OUTLINE

For t < 0 we assume the system Ĥ0 to be in its ground state:

Ĥ0 |Ψ0〉 = E0 |Ψ0〉

Next, at time t = 0, we impose an abrupt change (quench):

Ĥ0 −→ Ĥ

For t > 0 the Schrödinger eqn i d
dt |Ψ(t)〉 = Ĥ |Ψ(t)〉 implies:

|Ψ(t)〉 = e−itĤ |Ψ0〉

Fidelity (similarity) of these states is:

〈Ψ0|Ψ(t)〉 =
〈
Ψ0|e−itĤ|Ψ0

〉
Loschmidt amplitude
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Fidelity (similarity) of these states is:

〈Ψ0|Ψ(t)〉 =
〈
Ψ0|e−itĤ|Ψ0
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STATIONARY VS DYNAMICAL PHASE TRANSITION

Idea: M. Heyl, A. Polkovnikov, S. Kehrein, Phys. Rev. Lett. 110, 135704 (2013).

Partition function Loschmidt amplitude

Z =
〈

e−βĤ
〉 〈

Ψ0|e−itĤ|Ψ0

〉
where Loschmidt echo L(t)

β =
1

kBT
L(t) =

∣∣∣〈Ψ0|e−itĤ|Ψ0

〉∣∣∣2
Free energy F(T) Return rate λ(t)

Z(T) ≡ e−βF(T) L(t) ≡ e−Nλ(t)

Critical temperature Tc Critical time tc

nonanalytical lim
T→Tc

F(T) nonanalytical lim
t→tc

λ(t)
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QUENCH ACROSS QPT BOUNDARY

(a)

(b)

  

 

K. Wrześniewski, I. Weymann, N. Sedlmayr & T. Domański, Phys. Rev. B 105, 094514 (2022).



ABRUPT CHANGE OF ΓS: t-NRG RESULTS
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K. Wrześniewski, I. Weymann, N. Sedlmayr & T. Domański, Phys. Rev. B 105, 094514 (2022).



Triplet blockade

in junctions with two quantum dots



ANDREEV BLOCKADE: CONCEPT
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ANDREEV BLOCKADE: REALIZATION

P. Zhang, H. Wu, J. Chen, S.A. Khan, P. Krogstrup, D. Pekker,

and S.M. Frolov, Phys. Rev. Lett. 128, 046801 (2022).
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STATIC REALIZATION: S-DQD-S

Conclusion: “magnetic field dependence of the supercurrent amplitude

in the even occupied state reveals the presence of a supercurrent blockade

in the spin-triplet ground state”
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DYNAMICAL TRIPLET BLOCKADE

Superconducting proximity effect is blocked:

⇒ when both quantum dots are singly occupied

⇒ by the same spin (for example ↑) electrons

R. Taranko, J. Barański, A. Jankiewicz, K. Wrześniewski, I. Weymann & T. Domański [submitted (2025)].



TRIPLET BLOCKADE VS ON-DOT PAIRING

We inspected evolution of the triplet configuration:

⇒ imposed by initial conditions

⇒ enforced by magnetic field
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EVOLUTION OF TRIPLET CONFIGURATION

Triplet configuration cam be enforced by magnetic field

Results obtained for the uncorrelated system (Ud = 0)



EVOLUTION OF CORRELATED DOTS

t-NRG results obtained for the weakly coupled quantum dots
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Minimal Kitaev chain
(platform of poor man’s Majorana modes)



MINIMAL KITAEV CHAIN: CONCEPT

Topological superconductor can be obtained using only two sites

(quantum dots) proximitized to bulk superconductor

This scenario enables realization of poor man’s Majorana modes

M. Leijnse, and K. Flensberg, Phys. Rev. B 86, 134528 (2012).



MINIMAL KITAEV CHAIN

Topological superconductor can be obtained using only two sites

(quantum dots) proximitized to bulk superconductor

T. Dvir, ... & L.P. Kouwenhoven, Nature 614, 445 (2023).



MINIMAL KITAEV CHAIN

Two spin-polarized quantum dots of InSb nanowire strongly coupled

by the co-tunneling and crossed Andreev reflection

T. Dvir, ... & L.P. Kouwenhoven, Nature 614, 445 (2023).



COOPER PAIR SPLITTER GEOMETRY

Two quantum dots coupled via:

tunneling + crossed Andreev reflection + spin orbit interaction

arXiv/2510.17379 (2025)



SUMMARY

Interplay among correlations (due to Coulomb repulsion)
and electron pairing (induced through superconducting
proximity effect) can lead in nanoscopic structures to:

⇒ parity crossings (QPT),

⇒ enhancement of Kondo effect

⇒ effective triplet pairing

Coulomb and Cooper can be friends !
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