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Outline1. Summary of the theoretial model:Method marosopi-mirosopiSingle partile potential Yukawa-foldedShape parametrization Modi�ed-Funny-HillsMarosopi energy Lublin-Strasbourg-DropMirosopi orretions Strutinsky, BCSMoments of inertia rankingDynamial e�ets oupling with pairing �eld



2. ResultsObtained observables for heavy and superheavy nulei:� equilibrium deformations ,� deformation energies ,� single-partile levels ,� moments of inertia ,� strength of the pairing fore ,� rotational energies ,� ground state masses .



3. Calulation sheme:

I Single partile levels with Yukawa folded mean �eldII Potential energy surfae E with a standard pairing strengthIII Equilibrium deformation by minimization of this energyIV Cranking moments of inertia in equilibrium pointsV Rotational energiesVI If the 2+ rotational energy does not agree with the datawe hange the pairing strength and go bak to point IIVII If the lowest rotational energies agree with the datawe evaluate the masses and inlude dynamial e�etsto obtain higher members of the rotational band



Set of nulei under onsideration
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Nulear binding energy

Single-partile energies eν are obtained by diagonalization of theYukawa-folded mean-�eld Hamiltonian for a given nuleus Z +N = A.The total binding energy E onsists of the marosopi part Emacr andmirosopi orretions Eshell and Epair:
E = Emacr + Ecorr = ELSD + Eshell + Epair ,where Ecorr = En

corr + Ep
corr and
Eshell =

∑

ν

2eν − Ẽ ,

Epair = EBCS −
∑

ν

2eν+ < Epair > ,and

EBCS =
∑

k>0

2ekv
2
k −

∆2

G
−G

∑

k>0

v4
k .



Yukawa-folded potentialThe Yukawa-folded mean-�eld potential onsists of the entral, spin-orbit andCoulomb terms:

V YF = Vc + Vso + VCoul .The single-partile entral potential is given the following folding integral:

Vc (~r1) =

∫

V

d3r2 V (r12)
ρ (~r2)

ρ0

,

where V (r12) is the Yukawa two-body nuleon-nuleon interation V (r12)

V (r12) = −
V q

0

4πλ3

e−|~r1−~r2|/λ

|~r1 − ~r2|/λ
,with r12 = |~r1 − ~r2| and q = {n, p}.



Modi�ed Funny Hill shape parametrizationAn essential ingredient of any marosopi�mirosopi approah onsists, inthe use of a parametrization of the relevant nulear shapes that ontains only arather small number of deformation parameters.The so-alled Modi�ed Funny-Hills (MFH) shape parametrization ontainsfour deformation parameters only:

c-elongation, h-nek, α-mass asymmetry, η-nonaxialityand it is de�ned as following:

̺2
s(u) ∼ (1 − u2)

(
1 −Be−a(u−α′)2

)
(1 − gα′u) 1−η2

1+η2+2η cos(2φ)
,where ̺s(u) is the distane of the surfae to the z-axis as funtion of

u = z−zsh

z
0

with z0 = cR0 and zsh ensuring the enter of mass at z = 0.The other parameters are:
a = 3 −B, g = e−4B2 , B = 1

2
(c− 1

c
)2 + 1 − e−h, α′ = αe

1

2
(c− 1

c )2 .The MFH shapes are very lose to the optimal in the LD energy forms.



Funny Hill shapes for di�erent values of c,B,α
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Lublin Strasbourg Drop - LSD

Mth = ZMH +NMn − 0.00001433Z2.39 + ELSD + Ecorr

ELSD = −bvol(1 − κvolI
2)A

+bsurf(1 − κsurfI
2)A2/3

+bcur(1 − κcurI
2)A1/3

+3
5
e2 Z2

rch
0

A1/3
− C4

Z2

A
− 10 · exp (−42|I|/10)

bvol = 15.4920 MeV,
κvol = 1.8601
bsurf = 16.9707 MeV,
κsurf = 2.2938
bcur = 3.8602 MeV
κcur = -2.3764
rch0 = 1.21725 fm
C4 = 0.91810 MeV and I = (N − Z)/A



Marosopi LSD energy Edef
LSD

= ELSD(c, h) − ELSD(1, 0)



Strutinsky shell orretion method:
Eshell =

∑
ν

2eν − Ẽ

Ẽ = 2
λ∫

−∞
eρ̃(e)de

ρ̃(e) = 1
γ

+∞∫
−∞

ρ(e′) e−( e−e′

γ )2j6(
e−e′

γ
) de′

γ = 1.2 h̄ωo ; h̄ωo = 41/A1/3MeV

j6(u) = 1√
π
e−u2 (

35
16

− 35
8
u2 + 7

4
u4 − 1

6
u6

)

N = 2
λ∫

−∞
ρ(e)de



Shell orretion for 256Fm



Pairing orretion

Epair = EBCS −
∑
k

2ek+ < Epair >

EBCS =
∑

k>0

2ekv
2
k − ∆2

G
−G

∑
k>0

v4
k ,

where

e′
k = ek −Gv2

k , v2
k = 1

2

(
1 − e′

k−λ

Ek

)

andEk =
√

∆2 + (e′
k − λ)2 .

N =
∑

k>0

(
1 − e′

k−λ

Ek

)

2
G

=
∑

k>0

1
Ek

, with G = go/N
2/3h̄ωo



Pairing orretion for 256Fm



Deformation energy Edef
tot = E(c, h) − E(1, 0)



Cranking moment of inertiaTime dependent Shroedinger equation for the rotation around x-axis reads:
ih̄
∂

∂t
ψ′(x′y′z′) = (Ĥ′ − h̄ωĵx′)ψ′(x′y′z′) .The term h̄ω ĵx′ an be treated as perturbation when ω is small
E = E(0) + E(1)ω + E(2)ω2 . . . ,where E(1) = 0 and E(2) = 0 gives the energy orretion to the non-rotationase:

E(2) = h̄2ω2
∑

k 6=0

|〈Φk|ĵx′ |Φo〉|2

(Ek − Eo)
≡

1

2
J cr

x ω2 .In the BCS model the ranking moment of inertia has the following form:

J cr
x = 2h̄2 ∑

µν
|〈µ|ĵx′ |ν〉|2(uνvµ−vνuµ)2

Eν+Eµ
,where Eν is the quasipartile energy and uν , vν are usual oupation fators.



PES and moment of inertia of 256Fm



Simple rotational model:
EL = L(L+1)

2J (defeq,∆)



Rotational energies EL+ for Ra and Th.
 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

226Ra

8+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

228Ra

8+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

230Ra

8+

Lπ[/h]

Ra     Th

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

226Th

8+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

228Th

8+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

230Th

8+

10+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

232Th

8+

10+

Lπ[/h]

 0

 0.2

 0.4

 0.6

 0.8

 1

E
L 

 [ 
M

eV
]

0+
2+

th

4+

exp

6+

234Th

8+

10+

Lπ[/h]



Rotational energies EL+ for U isotopes.
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Rotational energies EL+ for Pu isotopes.
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Rotational energies EL+ for Cf and Fm.
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Pairing strength adjusted to energy of 2+ levels
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Mass disrepanies
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Forseen rotational energies E2+
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Forseen masses for superheavies nulei
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Rotational energies at high spins
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Dynamial oupling of rotation with pairing �eldIt is well known that a rapid rotation in�uenes the pairing orrelations. Wetherefore propose here a simple model whih allows to explain this mehanismand obtain some quantitative estimates of high-spin rotational states.In a standard alulation the ground-state pairing gaps for protons (∆p
0) andneutrons (∆n

0 ) are determined from the BCS equation, i.e. looking for theminimum with respet of ∆q of the BCS energy of a non-rotating nuleus butnot of the sum of BCS and rotational energies.One an show that in absene of pairing orrelations the ranking moment ofinertia at ∆ = 0 is approximately equal to the rigid-body moment of inertia(Jrig) and it dereases with growing ∆. Its ∆ dependene an beapproximated by

J (∆) =
Jrig

1 + a(∆/∆0)2
.Here ∆/∆0 orresponds to the line ∆p/∆p

0 = ∆n/∆n
0 on the (∆p, ∆n)plane, where ∆q

0 is the ground state pairing gap for protons (p) or neutrons(n) and a = Jrig/J0 − 1 with J0 being the ground-state moment of inertia.



Suh a dependene of the moment of inertia re�ets in the rotational energywhih being inversely proportional to J (∆) grows with ∆ and shifts theminimum of the sum BCS and rotational energies
ER

BCS(∆;L) = EBCS(∆) +
h̄2L(L+ 1)

2J (∆)towards smaller ∆ with respet to the BCS ground state energy EBCS(∆0).The BCS energy dependene on ∆ one an approximate by a ubi formula

EBCS(∆) = E0

[
−3

(
∆

∆0

)2

+ 2

(
∆

∆0

)3
]
,where E0 ≈ 2.3 MeVa is the average pairing orrelation energy.aS.G. Nilsson, C.F. Tsang, A. Sobizewski, Z. Szyma«ski, S. Wyeh, C. Gustafson, I.L.Lamm, P. Möller, B. Nilsson, Nul. Phys. A131, 1 (1969).



Dependene of the ER
BCS

energy on ∆
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It is seen in the �gure that the energy minima (blak points) orresponding to

L = 10, L = 20 and L = 30 are signi�antly shifted down in omparisonwith the pure rotational-model estimates (open irles). This dynamialoupling of rotation with the pairing �eld brings the theoretial estimates tothe experimental data (rosses).



Dynamial estimates of rotational bands for Cm
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Dynamial estimates of rotational bands for Fm and No
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Conlusions(i) The Yukawa-folded mean �eld potential desribes well the shell strutureof heavy nulei.(ii) The Strutinsky shell orretion and BCS pairing energy with pairingstrength adjusted to the position of L=2 rotational states give the properequilibrium deformations and masses of heavy nulei.(iii) Taking into aount the dynamial oupling with the pairing �eld withrotation brings theoretial estimates of the high spin rotational levelstoward experimental data.(iv) More data would be required for �nding the isotopi dependene of pairingstrength.(v) More deformation than two parameters should be inluded for �nding theequilibrium deformations.(vi) Minimization of the total mirosopi energy (BCS plus rotational) over

∆p, ∆n will be performed in future alulations.
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