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Fusion-evaporation-�ssion:
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The Modi�ed Funny-Hills shape parametrization:
̺2s (z) =

R2
o

c f(a,B)
(1 − u2) (1 − γαu) (1 − B e−a2(u−α)2)where

f(a,B) = 1 +
3B

4a2

[
e−a2 +

√
π(a − 1

2a
) Erf(a)

]

breaking axial symmetrysupose ellipsoidal shape ⊥ to z axis and introdu
ethe non-axiality parameter

η =
ay − ax

ay + axassume that η is independent of z

ax(z) = ̺s(z)

(
1 − η

1 + η

)1/2

, ay(z) = ̺s(z)

(
1 + η

1 − η

)1/2

volume 
onservation then leads to
˜̺2s(z, ϕ) = ̺2s(z)

1 − η2

1 + η2 + 2η cos(ϕ)



Equations of motion:The Langevin equation in the 
olle
tive 
oordinates spa
e({qi}, i = 1, 2, ..., n) is used to des
ribe the �ssion dy-nami
s of a highly ex
ited 
ompound nu
leus:
dqi
dt =

∑
j

[M−1(~q )]i j pj

dpi
dt = −1

2

∑
j,k

d[M−1(~q )]jk
dqi

pj pk − dV (~q )
dqi

−∑
j,k

γij(~q ) [M−1(~q )]jk pk + Fi(t) ,

Here, Mjk and V are the 
olle
tive inertia tensor and thepotential. Fi(t) =
∑

j gijGj(t) is the random for
e with

Gj a Gaussian distributed random number. Strength ofthe random for
e is related to the di�usion tensor Dij=∑
k gik gjk, whi
h is determined by the fri
tion tensor γ viathe Einstein relation Dij = γijT .



Langevin random traje
tory:

. . . .



Master equations:The Langevin equation is 
oupled to Master equations forthe number (N ) of evaporated light parti
les:
dNαβ

ν = Γαβ
ν (~q , T ) dt .The emission rate Γ

αβ
ν 
an be evaluated using the Weis-skopf or mi
ros
opi
-semi
lassi
al theory.The index ν denotes type of emitted parti
le (n, p, α, ...).The energy eα of a parti
le is dis
retized in bins whi
h aremarked by the index α = 1, 2, ..., nmax, where the width ofa bin is ∆e = emax/nmax.The angular momentum ℓβ of the emitted parti
le (ℓ1, ℓ2, ..., ℓmax)is denoted by β



Weisskopf theory∗:The partial de
ay rate for emission of a parti
le of type νwith energy eα and orbital angular momentum ℓβ from a
ompound nu
leus with ex
itation energy E∗ and angularmomentum L is given by

Γαβ
ν (E∗, L) =

2Sν + 1

2πh̄ρ(E∗, L)

∑

LR

eα+
∆eν
2∫

eα−∆eν
2

wν(e, ℓβ;χ)ρR(E∗
R, LR)de ,

where

ρ(E∗, L) = (2L + 1)(
h̄2

2J )3/2
√
a

e2
√
aE∗

12E∗2is the level density in the emitting nu
leus and wν(e, ℓ;χ)is the transmission 
oe�
ient for emitting a parti
le fromdeformed 
ompound nu
leus. a is the s.p. level density.

∗ V. Weisskopf, Phys. Rev. 52, (1937) 295.



Single-parti
le level density∗:Using the Yukawa-folded single-parti
le potential we eval-uate the free energy of a hot and deformed nu
leus
F (Z,A; ~q, T ) = E(Z,A; ~q, T )− T · S(Z,A; ~q, T ) ,where S = −∑ν[nν log(nν) + (1 − nν) log(1 − nν)] and

E =
∑

ν 2eνnν are the entropy and total s.p. energy, re-spe
tively and nν is the Fermi o

upation number.The s.p. level density parameter a, is related to the en-tropy by S = 2aT 2, and is evaluated from
a(Z,A; ~q) =

(
F̃ (Z,A; ~q, T = 0) − F̃ (Z,A; ~q, T )

)
/T 2and approximated by the liquid-drop type expression:

a(Z,A; q)

GeV−1
= 92A + 36A

2
3BS(q)+ 275A

1
3Bcur(q) − 1.46

Z2

A
1
3

BC(q)

∗B. Nerlo-Pomorska, K. Pomorski and J. Bartel, Phys. Rev. C74 (2006) 034327.



Semi
lassi
al emission theory∗:Here, the parti
le emission rates are de�ned as
Γαβ
ν =

d2nν

dεαdℓβ
∆ε∆ℓ ,The number nν of parti
les of type ν whi
h are emittedper time unit through the surfa
e Σ is given by

nν =

∫

Σ

dσ

∫
d3p′ fν(~r′0, ~p

′) v′⊥(~r′0)wν(v
′
⊥(~r′0)) ,

where v′⊥ is the velo
ity 
omponent perpendi
ular to thesurfa
e and the primed quantities refer to the body-�xedframe. The 
lassi
al phase-spa
e distribution fun
tion is:

fν(~r
′, ~p ′) =

2

h3

θ(~r ′)

1 + exp
[
1
T

(
p′2
2m + V (~r ) − ωℓ′ − µν

)] .

∗ K. Dietri
h,K. Pomorski and J. Ri
hert, Z. Phys. A351, (1995) 397.



E�e
tive emission rate∗:Emission rates averaged over all parti
le angular momenta:
Γα
ν (E

∗, L) =
2Sν + 1

2πh̄ρ̃(E∗)

eα+∆eα/2∫

eα−∆eα/2

weff
ν (e;χ) ρ̃R(E∗

R) d e ,

where ρ̃(E∗) = ρ(E∗, L)/(2L+1) is the angular momentumindependent part of the density and
weff
ν (e;χ) =

1

2L + 1

ℓmax∑

ℓβ=0

L+ℓβ∑

LR=|L−ℓβ|
(2LR + 1)w̄ν(e, ℓβ;χ) .

is the e�e
tive transmission 
oe�
ient.

∗ K. Pomorski, J. Bartel, J. Ri
hert, and K. Dietri
h, Nu
l. Phys. A605, (1996) 87.



Parti
le and total emission rates:The total parti
le emission rate for evaporation of a parti
leof given type, irrespe
tively of its energy, is given by
Γν(E

∗, L) =
2Sν + 1

2πh̄ρ̃(E∗)

emax∫

0

weff
ν (e;χ)ρ̃R(E∗

R)de =
n∑

α=1

Γα
ν (E

∗, L) .

The total emission rate Γ for emission of any kind of par-ti
les is the sum of the parti
le emission rates:

Γ = Γn + Γp + Γα .



Evaluation of the transmission 
oe�
ients:
• Using the semi
lassi
al and WKB approximation one evaluates thetransmission 
oe�
ients at three points (i=1,2,3) in whi
h the mainbody-�xed axes (x,y,z) 
ross the nu
lear surfa
e:

wν(e, ℓ, ℓx; i) = (1 + exp[−2π(EB − e)/(h̄ωi)])
−1 ,where ωi =

√
(d2Vtot(i)/dr

2
i⊥
)/mν and Vtot = Vnucl+Vcentr+VCoul−ωℓx.

• One averages wν over all proje
tions of ℓ
w̃ν(e, ℓ; i) = 1

2ℓ+1

ℓ∑
ℓ
x
=−ℓ

wν(e, ℓ, ℓx; i) , i = 1, 2, 3
z

y

x

1

2

3

• The transmission 
oe�
ients at arbitrary surfa
e point (θ, ϕ) are ob-tained by interpolation:
w̄ν(e, ℓ; θ, ϕ) = sin2 θ · [w̃ν(e, ℓ; 1) cos

2 ϕ + w̃ν(e, ℓ; 2) sin
2 ϕ] + w̃ν(e, ℓ; 3) cos

2 θ

• Finally, the average transmission 
oe�
ient is given by:

w̃ν(e, ℓ;χ) =

∫

Σ

w̄ν(e, ℓ; θ, ϕ) dσ /

∫

Σ

dσ



Numeri
al algorithm for the emission of parti
les∗:
•One �rst de
ides in every time interval [t, t + τ ℄ whether aparti
le is emitted or not. The probability of the parti
leemission during a small enough time step τ , is given by

P (τ ) = 1 − e−Γ τ ≈ Γ τ .One then draws a �rst random number η1 in the interval

[0, 1]. If η1<P (τ ) the parti
le is emitted.
• If yes, one de
ides whi
h type of parti
le is emitted bydrawing a se
ond random number η2 ∈ [0, 1] falling intoone of three bins:

{Γn/Γ + Γp/Γ + Γα/Γ } = 1

∗ K. Pomorski, J. Bartel, J. Ri
hert, and K. Dietri
h, Nu
l. Phys. A605, (1996) 87.



•One still has to determine the energy of the emitted parti
le.Introdu
ing a quantity

Πν(eα) =
1

Γν

∑

eµ≤eα

Γµ
νwhi
h is the probability that the parti
le of type ν is emittedwith energy smaller than eα (obviously lim
e→∞Πν(e) = 1).Subdividing the interval [0, 1] in a 
ertain number of equalbins, and inverting the fun
tion Πν(e) one 
an de
ide withwhi
h energy the parti
le is emitted by drawing a thirdrandom number η3 ∈ [0, 1]

Π−1
ν (η3) ∈ [eα − ∆eα

2
, eα +

∆eα

2
]that sele
ts one of the energy bins thus de
iding on theenergy of the parti
le.



In three steps one de
ides: whether a parti
le will beemitted, of whi
h type, and with whi
h energy :

00

0 1

e

η
1

η
2

η
3

1

Γn ΓαΓp Π
−1

pe

First draw lots: 

Second draw lots:

Third draw lots:

Γ

P= Γτ

Here, η1, η2 and η3 are the random numbers.



Free potential energy lands
ape:

The Modi�ed Funny-Hills nu
lear shape parametrisation (
,h,α,η) of[A. Dobrowolski, K. Pomorski, J. Bartel, Phys. Rev. C75 (2007)024613℄ and the Lublin-Strasburg Drop formula of Ref. [K. Pomorskiand J. Dudek, Phys. Rev. C67 (2003) 044316℄ are used.



Fusion and �ssion 
ross-se
tions∗:
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∗ K. Pomorski et al., Nu
l. Phys. A679, (2000) 25-53;W. Przystupa, K. Pomorski, Nu
l. Phys. A572 (1994) 153-170.



Temperature of �ssioning system:

0

1

2

3

4

5

0 20 40 60 80 100

T
 [M

eV
]

L

126Ba

E*=131.7 MeV

118.5 MeV

101.4 MeV

84.1 MeV

Note: A given ex
itation energy (E∗) is shared betweenthe thermal ex
itation (temperature T) and the rotationalenergy of the 
ompound nu
leus (angular momentum L).



E�e
t of rotation and temperature on barrier heights
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Example of the time dependen
e of the �ssion andthe parti
le evaporation pro
esses ∗:

.
Without parti
le evaporation, with evaporation ., pre�ssion parti
les

∗ K. Pomorski, J. Bartel, J. Ri
hert, and K. Dietri
h, Nu
l. Phys. A605, (1996) 87.



Comparison of the Weisskopf and semi
lassi
al rates∗:. neutrons protons
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∗ K. Pomorski et al., Nu
l. Phys. A679, (2000) 25;A. Surowie
, K. Pomorski, C. S
hmitt, J. Bartel, A
ta Phys.Pol. B33 (2002) 479.



Spe
tra of evaporated parti
les and the deformationdistribution of emitters:

.Solid line 
orresponds to pre�ssion parti
les and deformations of theemitters whi
h are going to �ssion and dashed ones to the evaporationresidua while the dotted line to the 
ase when the α-emission is o�.



Pre�ssion neutron multipli
ities for 266−278Ds∗:
0
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K. Pomorski et al., Nu
l. Phys. A679, (2000) 25-53;



.Estimates of the pre�ssion neutron multipli
ities:Nu
leus Rea
tion E∗ [MeV℄ MS-LD LSD exp
28Si+98Mo 131.7 1.50 2.48 2.52 ± 0.12118.5 1.32 2.02 2.01 ± 0.13

126Ba 101.4 0.38 1.36 1.32 ± 0.09
19F+107Ag 118.5 1.32 2.08 1.85 ± 0.11101.5 1.00 1.23 1.31 ± 0.17
34S+154Sm 66.5 1.75 2.29 2.50 ± 0.7

188Pt 100.0 4.48 4.44 4.5 ± 0.7
16O+172Yb 99.7 4.65 4.52 5.4 ± 0.778.8 2.72 2.06 2.94 ± 0.363.18 2.49104.7 4.27 3.17 4.41 ± 0.414.91 3.67

266Ds 58Ni+208Pb 125.1 5.52 4.03 4.74 ± 0.496.20 4.59144.6 6.61 4.85 6.17 ± 0.487.38 5.43164.6 7.66 5.61 7.35 ± 0.508.46 6.18185.9 8.76 6.42 7.83 ± 0.469.64 6.99The estimates typed in bla
k are obtained with 50% redu
tion of the ww fri
tion∗.

∗ J. Blo
ki, J. Randrup and W. J. Swiate
ki, Ann. Phys. 105 (1977) 427.



Find easy approximation of nu
lear and Coulomb potential:
Vnuc(z) =

Vo

1 + e
z−z̃o
σo

and Vnuc(x) =
Vo

1 + e
x−x̃o
σo

z̃o = cR0 − 0.2 fm

x̃o=ρs(0, 0) − 0.2 fm
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and for the Coulomb potential:

V
(fit)
Coul(z) = ffit(c, h, α, η) V

(o)
Coul(z)with

ffit(c, h, α, η) =

[
1 + ξc (c − 1)

] [
1 + ξh h

] [
1 + ξαα

] [
1 + ξη η

]

ξc ξh ξα ξη0.30 -0.04 -0.10 �
κc κh κα κη-0.22 0.03 0.07 �
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but this is pretty bad



Use the Coulomb potential of spheroidal 
harge distribution
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Summary and 
on
lusions:
• Parti
le evaporation determines the time-s
ale of the �s-sion pro
ess of 
ompound nu
lei.

• Deformation enhan
es the emission pro
ess of 
hargedparti
les.

• Energy spe
tra of 
harged pre�ssion parti
les are shiftedtowards lower energies with respe
t to the spe
tra of par-ti
les emitted by evaporation residua.
• The magnitude of the wall+window fri
tion should be re-du
ed by app. 50% in order to reprodu
e the data on thepre�ssion neutron multipli
ities of low-ex
ited 
ompoundnu
lei while the ww-fri
tion gives satisfa
tory results athigher ex
itations.
• Lublin-Strasburg Drop model reprodu
es ni
ely the �s-sion barrier heights of nu
lei from di�erent mass regions.

• Full four-dimensional 
al
ulations in the (c, h, α, η) de-formation spa
e are in preparation.



Emission of α-parti
le in the semi
lassi
al model:The Wigners fun
tion for α-parti
le is de�ned as follows:
fα(~R, ~P ) =

1

h3

∫
In1In2Ip1Ip2dσn1dσn2dσp1dσp2P (σα) .where σνi is spin of nu
leon νi, P(σα) is the proje
tionoperator for the spin of α-parti
le and

Ik =
1

2πab

∫
f̃k (~r1, ~p1)e

−( ~r1− ~R)2

2a2 e
−( ~p1− ~P/4)2

2b2 d3r1d
3p1Here, f stays for the Fermi distribution fun
tion

f̃n(~r, ~p) =

{
1 + exp

[
1

T

(
p2

2m
− U(~r) − ωlx − µn

)]}−1

.

∗ A. Surowie
, K. Pomorski, C. S
hmitt, J. Bartel, A
ta Phys.Pol. B33 (2002) 479.



Comparison of the Weisskopf and semi
lassi
al (T-F)rates for the emission of α-parti
les ∗:
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We have assumed here that the α-parti
le is des
ribed by adistribution fun
tion built from two 
orrelated proton andneutron pairs.
∗ A. Surowie
, K. Pomorski, C. S
hmitt, J. Bartel, A
ta Phys.Pol. B33 (2002) 479.



Energy spe
tra for di�erent deformations:
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Deformation dependen
e of the total emission rates∗:

.

∗ K. Pomorski, J. Bartel, J. Ri
hert, and K. Dietri
h, Nu
l. Phys. A605, (1996) 87.


