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1) The Cooper problem (1956)

2) BCS approximation (1957)

3) BCS in nuclear structure (1958)

4) Richardson exact solution (1963)

5) Gaudin magnet (1976)

6) Rank 1 Richardson-Gaudin integrable models (2001)

7) Higher rank RG integrable models. T=1 pairing (2006).

8) SO(8) T=0,1 pairing model. A rank 4 RG integrable model.  



The Cooper Problem

Problem : A pair of electrons with an attractive interaction on top of 
an inert Fermi sea. 
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Bound pair for arbitrary small attractive interaction. The FS is unstable 
against pair formation. Predicts a gap.
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For simplicity, consider the reduced BCS Hamiltonian
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BCS in Nuclear Structure



Number Projected BCS
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Richardson’s Exact Solution



Exact Solution of the BCS Model
R.W. Richardson: Phys. Lett. 3, 277 (1963); Phys. Rev. 141, 949 (1966).

Eigenvalue equation:

Ansatz for the eigenstates (generalized Cooper ansatz)

PH EΨ = Ψ

† †

1

1,
2

M

k k
k k

c c
Eα α

α α

ν
ε

+ +
↑ − ↓

=

Ψ = Γ Γ =
−∑∏

, 0k k k k kc c c cσ σ σν ν ν ν+
− ↓ ↑= =

† †
' '

, '
P k k k kk k

k k k
H n g c c c cε ↑ ↓ ↓ ↑−= +∑ ∑



Richardson equations
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Properties:

This is a set of M nonlinear coupled equations with M unknowns (Eα).

The first and second terms correspond to the equations for the one pair 
system. The third term contains the many body correlations and the 
exchange symmetry.

The pair energies are either real or complex conjugated pairs. Complex 
pair energies imply correlated pairs. Cooper pair?

There are as many solutions as states in the Hilbert space. The solutions 
can be classified in the weak coupling limit (g→0).



Pair energies E for a system of 200 equidistant levels at half filling 



Recovery of the Richardson solution: Ultrasmall
superconducting grains

•A fundamental questions posed by  P.W. Anderson in J. Phys. Chem. 
Solids 11 (1959) 26 : 

•“at what size of particles will superconductivity actually cease?”

•Anderson argued that for a sufficiently small metallic particle, since 
d~Vol-1, there will be a critical size d ~Δbulk at which superconductivity 
must disappear.

•This condition indeed arises for grains at the nanometer scale.

•Main motivation from the revival of this old question came from the 
works:

•D.C. Ralph, C. T. Black y M. Tinkham

•PRL’s 74 (1995) 3421 ; 76 (1996) 688 ; 78 (1997) 4087.



PBCS study of ultrasmall grains:
•Braun y J. von Delft. PRL 81 (1998)47



Condensation energy for even and odd grains

PBCS versus Exact
JD and G. Sierra, PRL 83, 172 (1999)



Richardson-Gaudin Models
JD, C. Esebbag and P. Schuck, PRL 87, 066403 (2001).

•Combine the Richardson’s exact solution of the Pairing Model  
and the integrable Gaudin Magnet

•Based on the rank 1 pair algebra of su(2).
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1) Pair realization

2) Two-level realization 
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4) Spin or Angular momentun realization

3) Finite center of mass momentum realization (LOFF)
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Construction of the Integrals of Motion
•The most general combination of linear and quadratic generators, with 
the restriction of being hermitian and number conserving, is

•The integrability condition                            leads to, 0i jR R⎡ ⎤ =⎣ ⎦
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•These are the same conditions encountered by Gaudin (J. de Phys. 
37 (1976) 1087) in a spin model known as the Gaudin magnet. 
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•Gaudin (1976) found three solutions
•Rational Model
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•Richardson equations
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•Exact Solution
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Any function of the R operators defines a valid integrable
hamiltonian. The hamiltonian is diagonal in the basis of common 
eigenstates of the R 0perators.

•Two body Hamiltonians can be obtain by a linear combination of R
operators:

•The parameters g, η´s and ε´s are arbitrary. There are 2 L+1 free 
parameters to define an integrable hamiltonian in each of the three 
models (L being the number of single particle levels).

•The rational model for fermions is precisely the integrable model 
proposed by CRS (NPA 1997). They showed that the PM 
hamiltonian can be obtained from (3) by choosing η = ε. 

•An important difference between RG models and other ES models 
is the large number of free parameters.
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Some models derived from RG

BCS Hamiltonian (Fermion and Boson)

Generalized Pairing Hamiltonians (Fermion and Bosons)

Central Spin Model

Spin models

Lipkin Model

Multilevel-level boson models (Trapped bosons, IBM, molecular, etc..)

Atom-molecule Hamiltonians (Feshbach resonances)

Generalized Tavis-Cummins models.

LOFF Hamiltonians
Review article: JD, S. Pittel and G. Sierra, Rev. Mod. Phys. 76 (2004) 643.
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Generalized Richardson-Gaudin Models
RG Models are Exactly Solvable for any simple Lie algebra

Rank 2 includes O(5), O(3,2), SU(3)

O(5)  Isovector pairing model, High Tc superconductivity. 

R.W. Richardson, Phys. Rev. 144, 874 (1966).

J. Links et al. J. Phys. A 35, 6459 (2002).

F. Pan and J. Draayer, Phys. Rev. C 66, 044314 (2002).

J. D. et al. Phys. Rev. Lett. 96, 072503 (2006).

O(3,2)  IBM2, two-species Bose condensates. S. Lerma et al. PRC 74 
(2006) 024314.

SU(3) Three level atoms, Generalized Tavis-Cummings models, etc. 
In preparation. Elliot?

Rank 4 SO(8) model.  Work in progress



For each copy of Lie Algebra (associated with a single-particle 
level), the following 10 generators satisfy the SO(5) commutation 
relationships:

• SUT(2) subalgebra:

• T=1 Pair creation operators:

• Second Cartan operator

The SO(5) algebra
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Integrals of motion and eigenvalues
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Neutron-proton pairing Hamiltonian
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64Ge in the pfg9/2 valence space
JD et al. PRL 96 (2006) 072503

{ω} and {e} for the weak and 
strong coupling limit for 

T=0,1,2 states



The SO(8) RG model

Pair operators:
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SUMMARY

rank An su(n+1) Bn so(2n+1) Cn sp(2n) Dn so(2n)

1 su(2) pairing so(3)~su(2) sp(2) ~su(2) so(2) ~u(1) 

2 su(3) Elliott? so(5) pn-
pairing sp(4) ~so(5) so(4) 

~su(2)xsu(2) 

3 su(4) Wigner
so(7)
FDSM

sp(6)
Symplectic, 

FDSM 
so(6)~su(4) 

4 su(5) so(9) sp(8)
so(8) T=0,1 

pairing; 
FDSM



Closing Remarks

Overview of the exactly-solvable Richardson-Gaudin
models.

There has been major recent progress within the
SU(2) and SU(1,1) models. Applications to nuclear 
physics and cold atomic gases.

Extension of the RG models to simple groups. Rank
2: SO(5), SO(3,2), SU(3). Rank 4 SO(8).

We can anticipate new interesting developments in 
the future.
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